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Abstract. A foliation T on a Riemannian manifold M is hyperpolar if it admits a flat 
section, that is, a connected closed flat submanifold of M that intersects each leaf of T 
orthogonally. In this article we classify the hyperpolar homogeneous foliations on every 
Riemannian symmetric space M of noncompact type. 

These foliations are constructed as follows. Let $ be an orthogonal subset of a set of 
simple roots associated with the symmetric space M. Then $ determines a horospherical 
decomposition M = x jgrank ^ j^^^ where F| is the Riemannian product of 
|$| symmetric spaces of rank one. Every hyperpolar homogeneous foliation on M is 
isometrically congruent to the product of the following objects: a particular homogeneous 
codimension one foliation on each symmetric space of rank one in , a foliation by parallel 
afhne subspaces on the Euclidean space EiankM-|<i>| ^ ^-^^ horocycle subgroup N,j, of 
the parabolic subgroup of the isometry group of M determined by 



1. Introduction 

Let M be a connected complete Riemannian manifold and H a connected closed subgroup 
of the isometry group I{M) of M. Then each orbit H ■ p = {h{p) : h G H}, p G M, is 
a connected closed submanifold of M. A connected complete submanifold 5 of M that 
meets each orbit of the iJ-action and intersects the orbit H ■ p perpendicularly at each 
point p G iS is called a section of the action. A section S is always a totally geodesic 
submanifold of M (see e.g. pJJ). In general, actions do not admit a section. The action of 
if on M is called polar if it has a section, and it is called hyperpolar if it has a flat section. 
For motivation and classification of polar and hyperpolar actions on Euclidean spaces 
and symmetric spaces of compact type we refer to the papers by Dadok [7], Podesta and 
Thorbergsson [23], and Kollross [TS], [IS]. If all orbits of H are principal, then the orbits 
form a homogeneous foliation J-" on M. In general, a foliation J-" on M is called homogeneous 
if the subgroup of I{M) consisting of all isometries preserving J-" acts transitively on each 
leaf of J-". Homogeneous foliations are basic examples of metric foliations. A homogeneous 
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foliation is called polar resp. hyperpolar if its leaves coincide with the orbits of a polar 
resp. hyperpolar action. 

An action of the Euclidean space E" is polar if and only if it is hyperpolar. An example 
of a polar homogeneous foliation on E" is the foliation given by the Euclidean subspace 
E'^, < A; < n, and its parallel affine subspaces. A corresponding section is given by the 
Euclidean space E"^'^ which is perpendicular to E^ at the origin 0. In fact, every polar 
homogeneous foliation on E" is isometrically congruent to one of these foliations. The 
main result of this paper is the classification of all hyperpolar homogeneous foliations on 
Riemannian symmetric spaces of noncompact type. For codimension one foliations this 
was already achieved by the first and third author in [4]. We mention that on symmetric 
spaces of compact type every hyperpolar action has a singular orbit, and there is no relation 
between such actions using duality between symmetric spaces of compact and noncompact 
type. The methodology for the classification presented in this paper is significantly different 
from the known methodologies in the compact case. Our methodology is conceptual and 
based on structure theory of parabolic subalgebras of real semisimple Lie algebras which 
is irrelevant in the compact case. 

We will see that these foliations can be constructed from rather elementary foliations 
on Euclidean spaces and the hyperbolic spaces over normed real division algebras. We 
first describe these elementary foliations. Each Riemannian symmetric spaces of rank one 
is a hyperbolic space ¥H"- over a normed real division algebra F e {R, C, H, O}, where 
n > 2, and n = 2 if F = O. It was proved in [S] that on each hyperbolic space Fif" there 
exist exactly two isometric congruency classes of homogeneous codimension one foliations. 
One of these two classes is determined by the horosphere foliation on ¥H"'. We denote by 
J-'f a representative of the other congruency class, and refer to Section H] for an explicit 
description. If M = ¥iH^^ x . . . x WkH^^ is the Riemannian product of k Riemannian 
symmetric spaces of rank one, then J^^^ x . . . x J^^^ is a hyperpolar homogeneous foliation 
on M. If is a linear subspace of E™', we denote by Ty the homogeneous foliation 
on E'" whose leaves are the affine subspaces of E™ which are parallel to V . We will now 
explain how these particular foliations lead to the classification of hyperpolar homogeneous 
foliations on Riemannian symmetric spaces of noncompact type. 

Let M = G/K he a, Riemannian symmetric space of noncompact type, where G is the 
connected component of the isometry group of M containing the identity transformation. 
We denote by r the rank of M. The Lie algebra g of G is a semisimple real Lie algebra. Let 
t be the Lie algebra of /T, g = ^©p be a Cartan decomposition of g, a be a maximal abelian 
subspace of p, and go© (©Aes 0a) be the corresponding restricted root space decomposition 
of g. The set S denotes the corresponding set of restricted roots. We choose a subset A C E 
of simple roots and denote by S+ the resulting set of positive restricted roots in S. It is 
well known that there is a one-to-one correspondence between the subsets $ of A and the 
conjugacy classes of parabolic subalgebras q$ of g. Let <I> be a subset of A and consider the 
Langlands decomposition q$ = m<i> © a$ © n$ of the corresponding parabolic subalgebra 
q<i, of g. This determines a corresponding Langlands decomposition Q<^ = M^A.j.A'^ of 
the parabohc subgroup Q$ of G with Lie algebra q$ and a horospherical decomposition 
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M — X E''"^* X of the symmetric space M. Here, r$ is equal to the cardinahty |$| 
of the set $, F| = M$ ■ o is a scmisimple Riemannian symmetric space of noncompact type 
with rank equal to r$ embedded as a totally geodesic submanifold in M, and E^"*"* = A$ -o 
is an (r — r$)-dimensional Euclidean space embedded as a totally geodesic submanifold 
in M. Now assume that $ is a subset of A with the property that any two roots in $ 
are not connected in the Dynkin diagram of the restricted root system associated with A. 
We call such a subset $ an orthogonal subset of A. Each simple root a G $ determines 
a hyperbolic space WaH'^" embedded in M as a totally geodesic submanifold, and F| is 
isometric to the Riemannian product of r$ Riemannian symmetric spaces of rank one. 

We denote by the hyperpolar homogeneous foliation on this product of hyperbolic 
spaces as described above, that is. 

We are now in a position to state the main result of this paper. 

Main Theorem. Let M be a connected Riemannian symmetric space of noncompact type. 

(i) Let $ be an orthogonal subset of A and V be a linear subspace of . Then 

is a hyperpolar homogeneous foliation on M. 

(ii) Every hyperpolar homogeneous foliation on M is isometrically congruent to J-^y 
for some orthogonal subset ^ of A and some linear subspace V of W^^"^ . 

For $ = the symmetric space F| consists of a single point and we need to assume 
that dim V < r in this case to get a proper foliation. The foliation J^0,{o} is the horocycle 
foliation on M. 

We briefly describe how to construct a subgroup of G whose orbits form the foliation 
J-'<j>y. Since acts freely on M and E^"*"* = ■ a, there is a canonical identification 
of E''"''* with the Lie algebra o$ C o. We define a nilpotent subalgebra n of g by n = n0 
and put a = 00. Then the closed subgroup AN of G with Lie algebra a © n acts simply 
transitively on M, and M is isometric to the solvable Lie group AN equipped with a 
suitable left- invariant Riemannian metric. Let be an r$-dimensional linear subspace of 
n such that dim(£$ fl Qa) = 1 for all « G We denote by o* the orthogonal complement 
of 0$ in a and by n the orthogonal complement of in n. Here, the orthogonal 
complement is taken with respect to the standard positive definite inner product on q 
given by the Killing form on q and the Cartan involution on q determined by fi. Then 

s^y = (o* © y) ® (n e •^$) c © n 

is a subalgebra of o © n. Denote by S^y the connected closed subgroup of AN with Lie 
algebra Sq>y. Then the action of S<j>y on M is hyperpolar and the orbits of this action 
form the hyperpolar homogeneous foliation J^^y on M. We will see later in this paper 
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that for a given set $ different choices of lead to isometrically congruent fohations on 
M. 

We now describe the contents of this paper in more detail. In Section [2] we show that all 
homogeneous foliations on Hadamard manifolds can be produced by isometric actions of 
solvable Lie groups all of whose orbits are principal. In Section |3] we present the aspects of 
the general theory of symmetric spaces of noncompact type and of parabolic subalgebras 
of real semisimple Lie algebras which are relevant for our paper. In Section H] we prove a 
necessary and sufficient Lie algebraic criterion for an isometric Lie group action inducing 
a foliation on a symmetric space of noncompact type to be polar or hyperpolar. Using this 
criterion we present examples of polar and of hyperpolar actions on symmetric spaces of 
noncompact type. In this section we also prove part (i) of the main theorem, which is the 
easiest part of the proof. Section O constitutes the main part of this paper and contains 
the proof of part (ii) of the main theorem. Finally, in Section E] we discuss aspects of the 
geometry of the leaves of the hyperpolar homogeneous foliations on symmetric spaces of 
noncompact type. 

2. Homogeneous foliations on Hadamard manifolds 

A simply connected complete Riemannian manifold with nonpositive sectional curvature 
is called a Hadamard manifold. 

Proposition 2.1. Let M be a Hadamard manifold and H be a connected closed subgroup 
of I{M) whose orbits form a homogeneous foliation on M . Then each orbit of H is a 
principal orbit. 

Proof. Assume that there exists an exceptional orbit, that is, a non-principal orbit whose 
dimension coincides with the dimension of the principal orbits. Let be a maximal 
compact subgroup of H. By Cartan's Fixed Point Theorem (see e.g. [9J, p. 21), K has a 
fixed point a G M. Since K is maximal compact, the orbit through a must be exceptional 
and K = Hq. Then H ■ a = H/K is diffeomorphic to M'^', where k is the dimension of 
the foliation (see for example [221 P- 148, Theorem 3.4]). Since the orbit if ■ o is simply 
connected, the stabilizer K is connected. The cohomogeneity of the slice representation at 
coincides with the cohomogeneity of the action of H on M, and since all the orbits of 
H have the same dimension it follows that the orbits of the slice representation at a are 
zero-dimensional. Since K is connected, it follows that the orbits of the slice representation 
at a are points. This means that K acts trivially on the normal space Vo{H ■ a) oi H ■ o aX 
o, which contradicts the assumption that the orbit H ■ a is exceptional. □ 

We will now use the previous result to show that every homogeneous foliation on a 
Hadamard manifold can be realized as the orbits of the action of a closed solvable group 
of isometries. 

Proposition 2.2. Let M be a Hadamard manifold and let H be a connected closed subgroup 
of I{M) whose orbits form a homogeneous foliation J-" on M. Then there exists a connected 
closed solvable subgroup S of H such that the leaves of J-" coincide with the orbits of S . 
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Proof. Consider a Levi-Malcev decomposition [) = [ € r (semidirect sum of Lie algebras) 
of the Lie algebra f) of if into the radical r of fi and a Levi subalgebra I. The radical r is 
the largest solvable ideal in f) and [ is a semisimple subalgebra. Let I = t © a © n (direct 
sum of vector spaces) be an Iwasawa decomposition of i. Then a is an abelian subalgebra 
of [, n is a nilpotent subalgebra of I, and = a € n (semidirect sum of Lie algebras) is 
a solvable subalgebra of I. Since the semidirect sum of two solvable Lie algebras is again 
solvable, the subalgebra s = € c (semidirect sum of Lie algebras) is a solvable subalgebra 
of I), and we have {) = t ©s (direct sum of vector spaces). Let S be the connected solvable 
subgroup of H with Lie algebra s and let K be the connected subgroup of H with Lie 
algebra t. Since M is a Hadamard manifold, Cartan's Fixed Point Theorem implies that 
the compact group K has a fixed point a G M. Since H = SK, it follows that the orbits 
H ■ and 5* ■ a coincide. 

By Proposition 12. the orbit H ■ a is a. principal orbit of the if-action. Let p be a point 
in M which does not lie on the principal orbit H ■ a. Since H ■ o is a. closed subset of 
M, there exists a point q E H ■ a such that the distance t between p and q minimizes the 
distance between p and H ■ a. Since M is complete there exists a geodesic joining q and 
p, and a standard variational argument shows that this geodesic intersects the orbit H ■ o 
perpendicularly. This proves that every orbit of H is of the form H ■ p with p = exp^l^) 
and C, G i^o{H ■ a). Since H ■ a is a principal orbit of the if-action on M and S G H, the 
slice representation at a of each of these two actions is trivial. This fact and H ■ a = S ■ a 
imply 

S ■p = {s(exp„(0) : s e S} = {exp,(„)(s4) : s e S} 

= {exp;,(„)(/i4) ■.heH} = {/i(exp„(0) : h e H} = H ■ p, 

which shows that the actions of S and H are orbit equivalent. 

Since 5" is solvable, its closure 5" in /(M) is a closed solvable subgroup of /(M) (see e.g. 
[21], p. 54, Theorem 5.3). Since the actions of S and H are orbit equivalent, the orbits of 
5" are closed, and hence by [8], the actions of S and S are orbit equivalent. This finishes 
the proof of the proposition. □ 

3. RiEMANNIAN SYMMETRIC SPACES OF NONCOMPACT TYPE 

In this section we present some material about Riemannian symmetric spaces of non- 
compact type. We follow [13] for the theory of symmetric spaces and [T5] for the theory of 
semisimple Lie algebras. 

Let M be a connected Riemannian symmetric space of noncompact type. We denote by 
n the dimension of M and by r the rank of M. It is well known that M is a Hadamard 
manifold and therefore diffeomorphic to M."^. Let G be the connected component of the 
isometry group of M containing the identity transformation of M. We fix a point o G M 
and denote by K the isotropy subgroup of G at a. We identify M with the homogeneous 
space G/K in the usual way and denote by g and i the Lie algebra of G and K, respectively. 
Let B be the Killing form of g and define p as the orthogonal complement of t with respect 
to B. Then g = t © p is a Cartan decomposition of g. If 6 is the corresponding Cartan 
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involution, we can define a positive definite inner product on g by {X,Y) = —B{X,9Y) 
for all X, y G 0. We identify p with TqM and we normalize the Riemannian metric on M 
so that its restriction to TqM x TqM = p x p coincides with ( ■ , ■ ). 

We now fix a maximal abelian subspace a C p and denote by a* the dual space of 
a. For each A e o* we define Qx = {X e Q : ad{H)X = X{H)X for all H e a}. We 
say that 7^ A G a* is a restricted root if gx 7^ {0}, and we denote by E the set of 
all restricted roots. Since a is abelian, ad(a) is a commuting family of self-adjoint linear 
transformations of g. This implies that the subset E C a* of all restricted roots is nonempty, 
finite and g = 0o © (©Aes Sa) is an orthogonal direct sum called the restricted root space 
decomposition of g determined by a. Here, go = © where to = Zi{a) is the centralizer 
of a in €. For each A G a* let Hx G a denote the dual vector in o with respect to the Killing 
form, that is, X{H) = {Hx,H) for all if G a. This also defines an inner product on a* by 
setting (A,/i) = {Hx,H^) for all A,/i G a*. 

We now introduce an ordering in E and denote by E+ the resulting set of positive roots. 
We denote by A = {ai, . . . , a^} the set of simple roots of E+ in line with the notation used 
in [15]. By {H^, . . . , H"^} C a we denote the dual basis of {ai, . . . , a^}, that is, ai{H^) = 6l, 
where 5 is the Kronecker delta. Then each root A G E can be written as A = Yli=i ^i^i 
where all the q are integers, and they are all nonpositive or nonnegative depending on 
whether the root is negative or positive. The sum ^1^=1 called the level of the root. 

The subspace n = 0;s^g2+ 0a of g is a nilpotent subalgebra of g. Moreover, a © n is a 
solvable subalgebra of g with [a © n, a © n] = n. We can write g as the direct sum of vector 
subspaces g = t©a©n, the so-called Iwasawa decomposition of g. Let A, and AN be the 
connected subgroups of G with Lie algebra a, n and a©n, respectively. All these subgroups 
are simply connected and G is diffeomorphic to the product K ^ A ^ N . Moreover, the 
simply connected solvable Lie group AN acts simply transitively on M. We can then 
equip AN with a left-invariant Riemannian metric ( ■ , ■ )an so that M and AN become 
isometric. This metric is determined by {Hi + Xi, H2-\- X2) an = {Hi, H2) + {l/2){Xi, X2) 
for all Hi,H2 G a and Xi,X2 G n (see e.g. the proof of Proposition 4.4 in [21]). Consider 
X,Y, Z G a©n as left-invariant vector fields on AN. If V denotes the Levi-Civita covariant 
derivative of M = AN, the equality {a.d{X)Y, Z) = —{ad{6X)Z, Y) implies that the Koszul 
formula can be written as 



We will now associate to each subset <l> of A a parabolic subalgebra q$ of g. Let $ be a 
subset of A. We denote by E$ the root subsystem of E generated by $, that is, E$ is the 
intersection of E and the linear span of $, and put Ej = E$ fl E+. Let 



Then is a reductive subalgebra of g and n$ is a nilpotent subalgebra of g. Let 



4{VxY,Z)an 



{[X,Y] + {1-9)[9X,Y],Z). 





ker a and a' 



a © a$. 
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Then a<i, is an abelian subalgebra of g and [$ is the centrahzer and the normahzer of a$ 
in Q. The abehan subalgebra a$ is also known as the split component of the reductive Lie 
algebra Since [1$, n$] C n$, 

q<i> = [# © n$ 

is a subalgebra of q, the so-called parabolic subalgebra of q associated with the subset $ 
of A. The subalgebra ($ = q$ fl 6'(q$) is a reductive Levi subalgebra of q$ and n$ is the 
unipotent radical of q$, and therefore the decomposition q$ = ©n$ is a semidirect sum 
of the Lie algebras 1$ and n$. The decomposition q<i, = 1$ © n$ is known as the Chevalley 
decomposition of the parabolic subalgebra q<i,. 
We now define a reductive subalgebra m<i, of q by 




The subalgebra m$ normalizes a$ © n$ , and 

0$ = [m$,m$] = [($, l$] 

is a semisimple subalgebra of q. The center 3$ of m$ is contained in and induces the 
direct sum decomposition m$ = 3$ © The decomposition 

q$ = m$ © a$ © n$ 

is known as the Langlands decomposition of the parabolic subalgebra q$. 

For $ = we obtain [0 = Qq, m$ = to, a$ = a and n0 = n. In this case q0 = © ci © = 
00 © is a minimal parabolic subalgebra of g. For $ = A we obtain Ia = ttia = and 
Ia = n^A = {0}. Each parabolic subalgebra of is conjugate in g to q$ for some subset $ of 
A. The set of conjugacy classes of parabolic subalgebras of g therefore has 2*" elements. Two 
parabolic subalgebras q^^ and q$2 of g are conjugate in the full automorphism group Aut(g) 
of g if and only if there exists an automorphism F of the Dynkin diagram associated to A 
with -F($i) = $2- Every parabolic subalgebra contains a minimal parabolic subalgebra. 

Each parabolic subalgebra q<i> determines a gradation of g. For this we define H'^ = 
Ea,6A\$ and put g| = 0Aesu{o},A(H*)=fc Sa- Then g = 0^^^ g| is a gradation of g with 
5% = ©A:>o0l' ~ ^'i' 0fc>o0l ~ 1*- "^^^ vector if* G a is called the characteristic 
element of the gradation. The Cartan involution 6 acts grade-reversing on the gradation, 
that is, we have 6'g| = gj'^ for all G Z. Moreover, this gradation is of type Oq, that 
is, g$^^ = [0l,0|] and gj^~^ = [q^\q^''] holds for all A; > (see e.g. [S]). If A is the 
highest root in S and m$ = A(iJ*), we have g^* 7^ {0} and g| = {0} for all k > m$. For 
$ = we have n0 = n, and we also use the notation n'^ = gg for all k > 0. Thus we have 
a gradation n = of n which is generated by n^. Note that m0 is the level of the 

highest root in S"*". For each /c > we define 

p'' = P n (g^ © gg '=) , 

which gives a direct sum decomposition p = a © p'^) • 
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For each A e E we define 

«A = « n (0A © 0-a) and Pa = P n (ba ©0-a). 

Then we have pA = P-a, ^a = ^-a and Pa © ^a = 0a © 0-a for all A G S. It is easy to see 
that the subspaces 




are Lie triple systems in p. We define a subalgebra of t by 




Then 0$ = (g$ n © p| is a Cartan decomposition of the semisimple subalgebra 0$ of 
and a* is a maximal abelian subspace of p|. If we define (0$)o = (0$ n to) © a*, then 
0$ = (0$)o © (0Aes<f 0a) is the restricted root space decomposition of 0$ with respect to 
a* and $ is the corresponding set of simple roots. Since m$ = 3$ © 0$ and 3$ C to, we see 
that 0$ n !o = ^0 3-i>- 

We now relate these algebraic constructions to the geometry of the symmetric space M. 
Let $ be a subset of A and r$ = | $ | . We denote by the connected abehan subgroup of 
G with Lie algebra a$ and by the connected nilpotcnt subgroup of G with Lie algebra 
n$. The centralizer L$ = Zcidc!,) of 0$ in G is a reductive subgroup of G with Lie algebra 
1$. The subgroup ^4$ is contained in the center of L$. The subgroup L$ normalizes 
and — L^N^ is a subgroup of G with Lie algebra q$. The subgroup coincides with 
the normahzer Na{l^ © n$) of 1$ © Ti$ in G, and hence Q$ is a closed subgroup of G. The 
subgroup Q$ is the parabolic subgroup of G associated with the subsystem $ of A. 

Let G$ be the connected subgroup of G with Lie algebra g^. Since 0$ is semisimple, 
G$ is a semisimple subgroup of G. The intersection of L$ and K, i.e. = Li^ n K, 
is a maximal compact subgroup of L$ and t^ is the Lie algebra of K^. The adjoint group 
Ad(L$) normalizes g$, and consequently M$ = Kq>Gq> is a subgroup of One can show 
that Af$ is a closed reductive subgroup of Kq, is a maximal compact subgroup of M$, 
and the center Z$ of M$ is a compact subgroup of K^. The Lie algebra of M$ is m$ and 
L$ is isomorphic to the Lie group direct product M$ x i.e. L$ = M$ x For this 
reason is called the split component of L$. The parabolic subgroup Q$ acts transitively 
on M and the isotropy subgroup at o is 7^$, that is, M = Q^/K<^. 

Since g<j, = (0# nt$) ©p|, is a Cartan decomposition of the semisimple subalgebra we 
have [p|,p|] = 0$ n Thus G$ is the connected closed subgroup of G with Lie algebra 
[P|,PS] © PS- Since p| is a Lie triple system in p, the orbit F| = G$ • o of the G$-action 
on M containing o is a connected totally geodesic submanifold of M with TgF^ = Pi- K 
$ = 0, then = {o}, otherwise F| is a Riemannian symmetric space of noncompact type 
and rank(F|) = r$, and 
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The submanifold -F| is also known as a boundary component of M in the context of the 
maximal Satake compactification of M (see e.g. [B]). 

Clearly, 0$ is a Lie triple system as well, and the corresponding totally geodesic sub- 
manifold is a Euclidean space 

E"~"* =A^-o. 

Since the action of Aq> on M is free and Aq> is simply connected, we can identify E^"''* , Aq> 
and a$ canonically. This identification will be used throughout this paper. 

Finally, p$ = p|, © a$ is a Lie triple system, and the corresponding totally geodesic 
submanifold Fq> is the symmetric space 

F^ = L^-o = L^/K^ = (M$ X A^)/K^ = F| x E"""*. 

The submanifolds F$ and -F| have a natural geometric interpretation. Denote by 
C'^(A) C a the closed positive Weyl chamber which is determined by the simple roots 
A. Let Z be nonzero vector in C^{A) such that ce{Z) = for all a G $ and <y{Z) > for 
all a G A \ $, and consider the geodesic •yzit) = Exp(tZ) ■ o in M with 7z(0) = o and 
7z(0) = Z. The totally geodesic submanifold F<j, is the union of all geodesies in M which 
are parallel to 7^, and -F| is the semisimple part of in the de Rham decomposition of 
F$ (see e.g. [S], Proposition 2.11.4 and Proposition 2.20.10). 

The group Q$ is diffeomorphic to the product M$ x A^ x N^. This analytic diffeomor- 
phism induces an analytic diffeomorphism between F| x E''^'"* x A'"^ and M known as a 
horospherical decomposition of the symmetric space M. 

4. Polar and hyperpolar foliations 

We first prove an algebraic characterization of polar actions and of hyperpolar actions 
on Riemannian symmetric spaces of noncompact type (see also Proposition 4.1 in |19]). 
and then present some examples. 

Theorem 4.1. Let M = G/K be a Riemannian symmetric space of noncompact type and 
H be a connected closed subgroup of G whose orbits form a homogeneous foliation T on 
M . Consider the corresponding Cartan decomposition g = t © p and define 

hi = {^ep:{^,Y) = Ofor allYei)}. 

Then the following statements hold: 

(i) The action of H on M is polar if and only if is a Lie triple system in p and i) 
is orthogonal to the subalgebra [l)^, © i)p of q. 

(ii) The action of H on M is hyperpolar if and only if f)j^ is an abelian subspace of p . 

In both cases, let be the connected subgroup of G with Lie algebra [f)^, \)-^] © f)^. Then 
the orbit S = ■ is a section of the H -action on M . 

Proof. Statement (ii) is an obvious consequence of statement (i). So we proceed with 
proving (i). 

If the action of if on M is polar, then is a Lie triple system by definition of a polar 
action. We now assume that is a Lie triple system. We have to show that the action 
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of if on M is polar if and only if f) is orthogonal to [f),^,!)^] © i)p- Since f)^ is a Lie 
triple system, the orbit S = ■ o is a connected complete totally geodesic submanifold 
of M . Let p be a point in M which does not lie on the orbit H ■ o. Since /f ■ o is a closed 
submanifold of M, there exists a point q & H ■ o such that the distance between p and q 
is equal to the distance between p and H • o. Since M is complete, there exists a geodesic 
in M from ptoq such that the distance from p to q can be measured along this geodesic. 
A standard variational argument shows that this geodesic intersects H ■ o perpendicularly. 
It follows now easily that S intersects each orbit. Since H induces a foliation, it therefore 
remains to show that Tp[H ■ p) and TpS are orthogonal for each p G iS if and only if f) is 
orthogonal to [[)^, f)^] © f)^. 

Let 7 be the geodesic in S with 7(0) = o and 7(0) — ^ e f)^, and assume that ^ 7^ 0. 
For X G t) and G t)j^ we denote by X* and "q* the Killing vector fields on M that are 
induced from X and ?], respectively. Then we have 

T,^t){H ■ 7(i)) = : X G f)} , r,(,)5 = {r^;^,) : G f)^^}. 

The restrictions of two such KiUing vector fields X* and rf to 7 satisfy the equation 

using the facts that [^*, X*] = -[^, X]*, [^*, r]*] = -[^, 77]*, [^, r]] G and that ad(0 is a self- 
adjoint endomorphism on q. From this it easily follows that i) is orthogonal to [P)^, i}^] © f)^ 
if Tp{H -p) and Tp5 are orthogonal for each p & S. Conversely, assume that () is orthogonal 
to [i)^, 1)^] © i)^. Then, for each X G f), the restriction X* of the Killing vector field X* 
to 7 is the Jacobi vector field along 7 with initial values X*(0) — X* — Xp e i)p and 
(X*)'(0) = [^*,X*]o = -[^,X]* = -[^,X]p G l)p. Here the subscript indicates orthogonal 
projection onto p. Since both initial values are in [)p = z/^iS, it follows that X* takes 
values in the normal bundle of S along 7. This implies that T^(^t){H ■ ■j{t)) and T^{t)S 
are orthogonal for each t G R. Since this holds for each geodesic 7 in <S with 7(0) = o 
and 7(0) = ^ G 1^^, ^ 7^ 0, we conclude that Tp{H ■ p) and TpS are orthogonal for each 
pes. □ 

We will use the previous result to show polarity and hyperpolarity of certain actions. 

Proposition 4.2. Let M he a Riemannian symmetric space of noncompact type and con- 
sider a horospherical decomposition F| x E''^'"* x X$ of M. Let V he a linear suhspace of 
W""-^ and assume that ^ (0,E''). Then the action 0/ x X$ C A$ x X$ on M is 

polar and F| x (E''"'"* QV) is a section of this action. Moreover, the action ofVx X$ on 
M is hyperpolar if and only if ^ = 0. 

Proof. The subspace (l^©n$)^ = p$©y of p is a Lie triple system and F| x (E''"''* ©l^) is 
the connected complete totally geodesic submanifold of M corresponding to p$ © V. Next, 
we have [{V © n$)^, {V © n$)^] = [p$ © V, p$ © C 1$ C m$, and since m$ is orthogonal 
to a$ © n$, we see that © n$ is orthogonal to [{V © n$)^, {V © n<s>)p] ®{V ® n$)^. Since 
X X$ acts freely on M, it is clear that V x X$ induces a foliation on M. From Theorem 
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14.11 we conclude that the action of x on M is polar and that F| x (E^ V) 
is a section of the action. The statement about hyperpolarity follows from the fact that 
F| X (E'^-''* e V) is flat if and only if $ = 0. □ 

The previous result provides examples of polar actions which are not hyperpolar on 
each Riemannian symmetric space of noncompact type with rank > 2. It is worthwhile 
to compare this with the results by Kollross [19j that in the compact case polar actions 
are in general hyperpolar. Special cases of these actions on Hermitian symmetric spaces 
of noncompact type have also been discussed by Kobayashi [TB] in the context of strongly 
visible actions on complex manifolds. 

Remark 4.3. Let M be a symmetric space of noncompact type with the property that 
its restricted root system contains two simple roots of the same length which are not 
connected in the Dynkin diagram. The following example illustrates that the condition 
in Theorem 14.11 (i) that () is orthogonal to P)^] © l)^ is necessary for polarity. Let us 
consider f) = (a R{Ha — Hji)) © (n ]R(Xq, + Xp)), with a and (5 two simple roots of 
the same length which are not connected in the Dynkin diagram, and G 0^, Xp G Qfs 
unit vectors. In order to prove that this is indeed a subalgebra, by the properties of root 
systems it suffices to show that [H.Xa — Xj^] G f) for any H E aQ M.{Ha — Hj^) (because 
(X„ + Xfi, X„ - Xp) = 0). However, if H e aQ R{Ha - Hp) we have a{H) = (3{H), which 
implies [H,Xa — Xp] = a{H){Xa — Xp) G () as desired. 

By construction we have f)^ = M{Ha — Hp) © R(l — 6){Xa + Xp). A simple calculation 
using (a, a) = {(3, (3) and (a, /3) = shows that 

[H^-Hp,{l-e){X^ + Xp)] = {a,a){l + e){X^-Xp). 

This implies in particular that f)^ is not abelian. Using again (a, a) = {(3, f3) and {a, (3) = 
we get 

[H^-Hp,{l + e){X^-Xp)] = {a,a)il-e){X^ + Xp), 

and also using [Xq,,X^] = (because a and (3 are not connected in the Dynkin diagram) 
we obtain 

[(1 - 9){X^ + Xp), (1 + e)iX^ - Xp)] = -2{H^ - Hp). 
All in all this means that f)^ is a non-abelian Lie triple system. However, {) cannot give 
rise to a polar action because f) is not perpendicular to i)^] = M(l + 0){Xa — Xp). 

This action has the interesting feature that it gives a homogeneous foliation with the 
property that the normal bundle consists of Lie triple systems. It is easy to see that the 
totally geodesic submanifold of M generated by any of these Lie triple systems is a real 
hyperbolic plane. These real hyperbolic planes have the property that they do not intersect 
orthogonally the other orbits. It is interesting to observe that the normal bundle is not 
integrable, as otherwise the integral manifolds would provide sections and then the action 
would be polar. 

Remark 4.4. The hypothesis in Theorem 14.11 that H induces a foliation is necessary. For 
example, in st2(C) consider the usual Cartan decomposition sl2{C) = SU2 © p, where p 
denotes the real vector space of (2 x 2)-Hermitian matrices with trace zero. Let a be the 
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subspace of diagonal matrices in sl2(C) with real coefficients and t the subspace of diagonal 
matrices in s[2(C) with purely imaginary coefficients. Also, denote by n the set of strictly 
upper triangular matrices in 512(C). Then, SU2 © a © n is an Iwasawa decomposition of 
5[2(C) and t© a is a Cartan subalgebra of 512(C). Consider the vectors 

Let f) be the Lie subalgebra of t © a © n spanned by B and X. Then i)^ = is abelian 
because it is one-dimensional. The connected closed subgroup H of S'L2(C) with Lie algebra 
[) acts hyperpolarly on the real hyperbolic space MH^ = SL2{C) / SU2 but does not give rise 
to a hyperpolar foliation. To see this let g = Exp(£'). It is easy to verify that Ad{g)B G a 
and Ad{g)X G t, and hence Ad{g)t) = t © o. The corresponding connected subgroup of 
5'L2(C) acts with cohomogeneity one on M.H^. This action has one singular orbit, a totally 
geodesic MH^ C M.H^, and the other orbits are the tubes around it. Obviously, the action 
of H is orbit equivalent to this one. 

We continue with a discussion of some further hyperpolar actions on Riemannian sym- 
metric spaces of nonpositive curvature. 

Example 4.5. {Polar and hyperpolar homogeneous foliations on Euclidean spaces.) Let m 
be a positive integer. For each linear subspace V of the m-dimensional Euclidean space 
E™ we define a homogeneous hyperpolar foliation J-'y on by 

{J'v)p = P + V = {p + v\veV} 

for all p G E™. Geometrically, the foliation J^y consists of the union of all affine subspaces 
of E™ which are parallel to V. It is obvious that J-'y is a hyperpolar homogeneous foliation 
on E"* whenever < dim V < m. 

Indeed, any hyperpolar homogeneous foliation on a Euclidean space E*" is isometrically 
congruent to one of these examples. Assume that H acts isometrically on E*" and that its 
orbits form a hyperpolar homogeneous foliation. Since the action of H is isometric and 
gives a foliation on E™ it suffices to prove that each orbit of H is totally geodesic. 

On the contrary, assume that the orbit of H through is not totally geodesic. Then, 
there exist a nonzero vector v G To{H ■ 0) and a unit vector C, G z/o(if ■ o) such that 
A^v = cv with c 7^ 0, where denotes the shape operator of H ■ with respect to ^. 
Since the orbit through is principal, ^ induces an equivariant normal vector field on 
H ■ o which we also denote by C,- This vector field satisfies ^h{o) = h^:C,o for all h H . 
Consider the point p = exp^^^C^o)- Since C, is equivariant, the orbit of H through p is 
H ■ p = {exp;j(Q)(i^/i(o)) : h G H}. Hence we can define the map F : H ■ o ^ H ■ p, 
h{o) I—)- exp;j(„)(i^/j(o)) = h{o) + ^^/i(o)- Since the action of H is polar, the equivariant 
vector field ^ is parallel with respect to the normal connection (see e.g. [2], p. 44, Corollary 
3.2.5), and thus we get -F^,of = v — ]:A^v = 0, which contradicts the fact that H gives a 
foliation. 
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Example 4.6. [Codimension one foliations on Riemannian manifolds.) Let M be a con- 
nected complete Riemannian manifold and J-" be a homogeneous foliation on M with codi- 
mension one. Then J-" is hyperpolar. In fact, consider a geodesic 7 : M — )■ M which is 
parametrized by arc length and for which 7(0) is perpendicular to J^y(o)• Since M is con- 
nected and complete, 7 must intersect each leaf of J-', and since J-" is homogeneous, the 
geodesic intersects each leaf orthogonally. Therefore S = 7(M) is a section of J-". Clearly, 
iS is a flat totally geodesic submanifold of M, and hence J-" is hyperpolar. 

Example 4.7. {Hyperpolar homogeneous foliations on hyperbolic spaces.) Let M be a Rie- 
mannian symmetric space of rank one, that is, M is a hyperbolic space WH^ over a normed 
real division algebra F G {M, C, H, O}. Here n > 2, and n = 2 if F = O. Using the 
notations introduced in the previous section, we have 

'soi,„ ifF = M, 

sui,„ if F = C, 

5Pi,„ ifF = M, 

Jj20 ifF = 0. 

The restricted root space decomposition of q is of the form 

= 5-2a © 9~a © 00 © 0Q © 02a, 

where dimg^ = dimg_Q, = (n — l)dim]RF, dim = dimg_2a = dimuF — 1. Moreover, 
we have 0o = © ci with a one-dimensional subspace a C p and 

( so„_i if F = M, 



= S 



if F = C, 
3pn-l®Spi ifF = e, 

^507 if F = O. 

Let £ be a one-dimensional linear subspace of Qa and define 

= a © (0a © ^) © 02a = a © (n e ^). 

The subspace Se is a subalgebra of a © n of codimension one, and the corresponding 
connected closed subgroup Si of AN acts freely on FiJ" with cohomogeneity one. The 
corresponding homogeneous foliation J-'^ on ¥H^ is hyperpolar according to the previous 
example. Since Kq acts transitively on the unit sphere in by means of the adjoint repre- 
sentation, J-'i and J-'e' are orbit equivalent for any two one-dimensional linear subspaces £, i' 
of Qa- We denote by J^^ a representative of the set of hyperpolar homogeneous foliations 
of the form J-£ on Fif". We mention that the leaf of J-'p containing G Fif" is a minimal 
hypersurface in ¥H". If F = R, this leaf is a totally geodesic real hyperbolic hyperplane 
iRff". If F = C, this leaf is the minimal ruled real hypersurface in Cif" which 
is determined by a horocycle in a totally geodesic and totally real Rif^ C Cif". For more 
details on these foliations we refer to [1] and [3]. It was shown in [4] that apart from this 
foliation and the horosphere foliation there are no other homogeneous hyperpolar foliations 
on Riemannian symmetric spaces of rank one. 
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Example 4.8. {Hyperpolar homogeneous foliations on products of hyperbolic spaces.) Let 

M = Fi//"i X ... X Ffe//"* 

be the Riemannian product of k Riemannian symmetric spaces of rank one, where k is a 
positive integer. Then 

^Fi ^ • • • ^ -^Wk 

is a hyperpolar homogeneous foliation on M. This is an elementary consequence of the 
previous example. 

Example 4.9. {Hyperpolar homogeneous foliations on products of hyperbolic spaces and 
Euclidean spaces.) Let 

M = Fi//"i X ... X Ffe//"* X E"' 

be the Riemannian product of k Riemannian symmetric spaces of rank one and an m- 
dimensional Euclidean space, where k and m are positive integers. Moreover, let y be a 
linear subspace of E™. Then 

•^Fi ^•••^•^Ffe V 

is a hyperpolar homogeneous foliation on M. 

Example 4.10. {Homogeneous foliations on symmetric spaces of noncompact type.) Let M 
be a Riemannian symmetric space of noncompact type and $ be a subset of A with the 
property that any two roots in $ are not connected in the Dynkin diagram of the restricted 
root system associated with A. We call such a subset $ an orthogonal subset of A. Each 
simple root a G $ determines a totally geodesic hyperbolic space F^if"" C M. In fact, 
Fctif"" C M is the orbit of the connected subgroup of G with Lie algebra Q{a}- Then F$ is 
isometric to the Riemannian product of r$ Riemannian symmetric spaces of rank one and 
an (r — r$)-dimensional Euclidean space. 




Note that F^ = IR if a is reduced and F^ e {C,!!, O} if a is non-reduced (i.e., if 2q; e E 
as well). Then 

is a hyperpolar homogeneous foliation on J-"!. Let V be a linear subspace of E''"'^'*. Then 

J^^ y = JT^ X J^-"* xN^cF^x E"-"* xN^ = F^xN^^M 

is a homogeneous foliation on M. We will see below that it is hyperpolar. 

Recall that each foliation J^^^ on W^H'^" corresponds to a subalgebra of Qs^a} of the form 
a^"^ © {Qa Q^a) ©02a "with some one-dimensional hnear subspace £a of Q^- As a consequence 
the foliation J> on F| corresponds to the subalgebra a* ® (©ag$ {{da © ^a) © 02a)) = 
a* © (n$ £$) of 0$, where £^ — 0Q,g$ ia- Therefore the fohation T^y on M corresponds 
to the subalgebra 

s^y = (a* © y) © (n$ e £$) = (o* © 1/ © n$) e -^^ C o © n$ 
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of q$, where we identify canonically V C E'"^''* = y4$ ■ o with the corresponding subspace 
of a$. 

It is easy to see from the arguments given above that different choices of ia and i'^ in 
ga lead to isometrically congruent fohations and ^-"4 on F|. However, it is not obvious 
that different choices of ia and i'^ in Qa lead to isometrically congruent foliations J^<s>y and 
^-"4 y on M. That this is in fact true follows from the following two facts. On a semisimple 
symmetric space the holonomy algebra is isomorphic to the Lie algebra of the isotropy 
subgroup of the isometry group. Moreover, on a simply connected symmetric space each 
element of the holonomy group at a point o induces an isometry of the symmetric space 
with fixed point o. Hence, different choices of ia and i'^ in Qa lead to isometrically congruent 
foliations and ^4,y on M. 

We note that these homogeneous foliations on symmetric spaces of noncompact type 
have also been discussed by Koike p/7j in the context of his investigations about "complex 
hyperpolar actions". 

We are now in the position to formulate the main result of this paper. 

Theorem 4.11. Let M be a connected Riemannian symmetric space of noncompact type. 

(i) Let $ he an orthogonal subset of A and V be a linear subspace o/E^'^''*. Then 

J^^ y = J-^ X J^lr"^ xN^cF^x E"-'^* xN^ = M 

is a hyperpolar homogeneous foliation on M. 

(ii) Every hyperpolar homogeneous foliation on M is isometrically congruent to J^<s>y 
for some orthogonal subset $ o/ A and some linear subspace V ofW~^'^. 

Proof. We prove part (i) of the theorem here. Section |5] is devoted to the proof of part (ii). 

According to Theorem 14. II we have to prove that s^y is a subalgebra and that (s$y)^ = 
{.^ G p : (.^, F) = for all Y G s$y} is abelian. Assume that the one-dimensional linear 
space £q, = n Qa is generated by the nonzero vector Ea- 

The fact that s$y is a subalgebra follows from the elementary properties of root systems. 
It is easy to see that 

{5^y)f = (a$ e i^) © ( M((i - e)Ea) j . 

We now check that (s$y)|^ is abelian. 

If H,H' e ais> QV we obviously have [H, H'] = 0. If H e Q V and a G $ we have 
[H, (1 - e)Ea] = a{H){l + e)Ea = by definition of a^,. If a, /3 G $ with a ^ /3, then 
[(1 - e)Ea, (1 - e)E^] = (1 + e)[Ea,Ep] - (l + e)[Ea,eEp]. Now, [Ea,E^] G Ba+p = 
because a + /3 is not a root (since a and f3 are not connected in the Dynkin diagram) and 
[Ea, OEp] G Qa-p = as a — /3 is not a root (because both a and (3 are simple). □ 
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5. Classification 

In this section we prove Theorem 14.111 (ii), thus settling the main result of this paper. 

A subalgebra b of a Lie algebra q is called a Borel subalgebra if b is a maximal solvable 
subalgebra of g. Borel subalgebras of real semisimple Lie algebras have been described 
in [20]. Any such Borel subalgebra can be written as t © a © n, where f) = t © a is a 
Cartan subalgebra of q and n is nilpotent. The subspace t is called the toroidal part of ^) 
and consists of all X G f) for which the eigenvalues of ad(X) are purely imaginary. The 
subspace a is called the vector part of f) and consists of all X G I) for which the eigenvalues 
of ad(X) are real. There exists a Cartan decomposition g = £ © p such that t G t and 
a C p. We say that f) or b is maximally noncompact if a is maximal abelian in p and 
maximally compact if t is maximal abelian in We use this description for the following 

Proposition 5.1. Let M = G/K be a symmetric space of noncompact type. Let S be a 
closed subgroup of G which induces a hyperpolar foliation. Then the action of S is orbit 
equivalent to the action of a closed solvable subgroup whose Lie algebra is contained in a 
maximally noncompact Borel subalgebra. 

Proof. By means of Proposition 12. 21 we may assume that S is solvable and closed in I{M). 
The Lie algebra s of 5* is contained in a Borel subalgebra b of g. As we explained above, 
there exists a Cartan decomposition g = £ © p such that b = t © o © n with i d t and 
a C p. Since a is abehan we have the decomposition g = go © (©agsAa)' where S is the 
set of roots with respect to a and g^^ = {X G g : ad(ii)X = \{H)X for all H G a}. We 
can choose an ordering in o that induces a set of positive roots S+ in such a way that 
ft = 0Xes+ 0A- remains to prove that this Borel subalgebra is maximally noncompact, 
that is, o is maximal abelian in p. 

On the contrary, assume that a is not maximal abelian. Let o be a maximal abelian 
subspace of p containing a. Then we have the usual restricted root space decomposition 
= 00 © (©A6S Sa) • We choose an ordering of a compatible with that of a and denote by 
S+ the corresponding set of positive roots, and write n = 0Aes+ 0a- We have the relations 

a = Pi Ker A, go = 0o © f 0a j , 0a = 0a- 

A|a=0 A|5=0 A|a=A 

Recall from Theorem 14.11 (ii) that S acts hyperpolarly on M if and only if = {.^ G p : 
,^ ± s} is abelian. Obviously, a© d C p and a© a is orthogonal to ft, and so a© a C sj-. On 
the other hand, 0Aes+,A|5=o 0a C 0o C n© ft, and so 0AeE+,A|5=o Pa C sf. Altogether this 

implies (a © a) © ^0AeE+ A|-=oPa) <^ ^p"- choose A G S+ with A|a = 0. By the first 

relation above, we can choose if G a © a with A(ii) 7^ 0. If Xa G 0a is a nonzero vector 
then [H, (1 — ^^)Xa] = (1 + 6)X{H)Xx 7^ 0, which contradicts the fact that S:^ is abelian. 
Hence, o must be maximal abelian in p and the theorem follows. □ 
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We now prove that the fohations in Example 14.101 exhaust all the possibilities for hy- 
perpolar homogeneous foliations up to orbit equivalence. Let S' be a connected closed 
subgroup of the isometry group inducing a hyperpolar homogeneous foliation on M. From 
now on we fix a Cartan decomposition q = t ® p and a maximally noncompact Borel 
subalgebra t © o © n with t C t and a C p maximal abelian. According to Proposition 15.11 
we may assume that the Lie algebra s of S* is solvable and that s C t © o © n. The proof 
goes as follows. First we classify the abelian subspaces of a © p^. A bit more work leads 
to a description of all subalgebras s of t © a © n for which is abelian and contained in 
a © p^ . Hence, the problem reduces to prove that, if 5 is a subalgebra of t © a © n for which 
5^ is abelian and the corresponding connected subgroup of G with Lie algebra s induces a 
foliation on M, then C a©p^. We will consider an auxiliary subalgebra s = 5 + (n © n^). 
This subalgebra satisfies s-^ C a©p^ and hence its projection onto a©n is one of the known 
examples. Then Sj^ is contained in the centralizer of Sj^ in p. A bit more work allows us 
to calculate explicitly using the fact that 5 is a subalgebra. Then we will conclude that 
the projection of s onto o© n is one of the known examples. The final step is to prove that 
5 induces the same orbits as its projection onto a © n. 

In what follows (until Lemma 15.131 inclusive) we will work in a context slightly more 
general than that described above. Let 5 be a subalgebra of t © a © n such that is 
abelian. Hence, it is not assumed that the orbits of the connected subgroup of G whose 
Lie algebra is s form a foliation. Example 14.41 shows that this can happen. We first state 
a few basic lemmas. 

From now on, if is a vector subspace of g, we denote by tTb the orthogonal projection of 
g onto 0. Also, we denote by Sn = T^ami.^) the projection of s onto a © n, the noncompact 
part of t © o © n. 

We will first derive some elementary results. 

Lemma 5.2. LetXeT. and X,Y e gx- Then {l-e)[eX,Y] = 2{X,Y)Hx. 

Proof. It follows from polarization of the identity [e{X+Y),X+Y] = {X+Y, X+Y)Hx. □ 

Lemma 5.3. Let a be a simple root and V G Qa be a linear subspace such that [o, o] = {0}. 
Then [t),0o] C a if and only if tj is one-dimensional. 

Proof. If = MX with nonzero X G Qa, then [6'X, X] = {X,X)Ha E a. For the converse, 
assume that has dimension greater than 1 and that [o, ^o] C a. Let X,Y G D be 
two nonzero orthogonal vectors. By Lemma 15.21 and orthogonality of X and Y, (1 — 
9)[9X,Y] = 2{X,Y)H^ = 0, so [9X,Y] e to n a = {0}. Now, {[9X,Y],[eX,Y]) = 
— {[X,[9X,Y]],Y) and using the Jacobi identity and the fact that [0,0] = {0} we get 
[X, [9X,Y]] = -[Y, [X,9X]] = {X,X)[Y,Ho] = -{a,a){X,X)Y. Altogether this implies 
([^X, Y], [9X, Y]) = {a, a) (X, X) (F, Y) > 0, which gives a contradiction. □ 

Lemma 5.4. Let A,/i G S such that X — fi ^ T,. Let X G 0a (I'^d F G 0^ 6e nonzero 
vectors. If [X, Y] = then X + ^ is not a root. In particular, if a, f3 G A and X G one? 
y G 0/3 are nonzero vectors, then [X, F] = implies that a and (3 are not connected in the 
Dynkin diagram. 
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Proof. Assume that [X, Y] = 0. Since [9Y, X] G Qx-^ = we have, using the Jacobi 
identity, that 

= [[X,Y],9Y] = -[[Y,9Y],X] = {Y,Y)[H^,X] = {Y,Y){\, fi)X. 

Hence, (A, /x) = 0. Since A — /i ^ S and the corresponding Cartan integer satisfies = 0, 
we get that A ± /i ^ S. For the second part, just note that a — /3 is not a root. □ 

Lemma 5.5. Let \E' C S"*". For each \ & let vx C. Qx he a one- dimensional linear sub- 
space. Then the linear subspace [to, a© (0Ae* "^a)] is orthogonal to a© (0Ae>i'(-'- ~ ^)'^a) © 

Proof. Obviously, [to, a] = 0, so there is nothing to prove in this case. Assume that each 
Vx is spanned by a corresponding vector Ex- Let T E to- If if G o then {[T, Ex], H) = 
-{Ex,[T,H]) = 0. Since [to, 0a] C Qx, for any G S+ with fi ^ X and any ^ G p^, 
we obviously have {[T,Ex],0 = 0- Finally, since ad(T) is skewsymmetric, {[T,Ex],{l — 
9)Ex) = {[T, Ex], Ex) = 0, from where the result follows. □ 

We now proceed with the first step of the proof, which is describing abelian subspaces 
of o © p^- Recall that = p n (flg © Q^^)- First, we need the following lemma. 

Lemma 5.6. Let q C a © p^ be an abelian subspace and define \E' = {« G A : 7rg^(c[) ^ 0}. 
Then dim7rg^(q) = 1 for a// « G \E'. 

Proof. Assume the statement is not true. Any two vectors ^, ?7 G q can be written as 
^ = ^0 + EaeM'(l ~ ^)^" V = 110 + EaGv&ll " with ^a,r]a G 0„. Wc dcuotc by 
\E'' C \E' C A the subset of roots a G A such that C,a and rja are hnearly independent. If the 
statement of this lemma is not true, we can find ^ and rj such that the corresponding \E'' 
is nonempty. An easy calculation taking into account that a — /3 is not a root if a, /3 G A 
yields 

= [^,V] = 5^(1 + 0){a{^o)Va - a{vo)U - + + + (^)i^-^V(s]- 

a a a,/3 

Then it follows in particular that + ^)[^a,9ria] = 0, [^a,Va] = for all a G \E' and 

[^a, Vp] + Va] = for all a, /3 G ^ with a ^ /3- 
By Lemma [5^ (1 — 9)[9C^a,Va] = '^{(,a,Va)Ha, which implies 

= ^5^(1 = J2^[U0Va] + {^a,Va)H^) = ^^{[UOVa] + {UVa)H^) 

the last equality following from the fact that [9^a,^a] = {^a,^a)Ha- 
For a G using [^a,Va] = and [9^a,^a] = {^a,^a)Hc„ we get 

[[^a,9r]a],9^ = -[[9ria,9^,^a] - [[9^a,^a],9r]a] = {a, a) {^a, ^a)9r]a- 
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Now choose a, (3 E with (3 a. Since ^ — a is not a root and [^77^, 9^a\ — ^ivp^ Ca] 
^[^P:Va\ = [0^(3: Orja] wc obtain 

= [[^^a, U 0^ + [[e^, ^C/J], OVa] = («, e^)^77a. 

Taking into account the last two displayed equations we conclude 

= {a,/3){^p,^^)9r]^, for all aje 
Therefore, for arbitrary a G the identity ^^g>f/([{/3, 6*^7^] + {ijSiV 1^)^13) = yields 



= 



Since a e 6*770 and ^^.^^ are linearly independent, the only way the above equality 
can hold is when the coefficients of ^77^ and 9^a are simultaneously zero. In particular, 
^^^^,(0;, = 0. Hence, ^js^qff{C/3,C/3)/3 is orthogonal to span\E''. Since it is also a 
vector in span ^' and the simple roots are linearly independent, it follows that (^^, = 
for all 13 G \1'', contradiction. □ 

We say that a subset $ C A is connected if the subdiagram of the Dynkin diagram deter- 
mined by the roots of $ is connected. We say that two subsets $, $' C A are disconnected 
or orthogonal if for any a G $ and any /3 G a and (3 are not connected in the Dynkin 
diagram (that is, a + ^ is not a root). 

Proposition 5.7. Let q C ® be an abelian subspace and = {a G A : 7rg„(q) 7^ 0}. 
This set can be decomposed as ^ = Ui=i ^^^^ ^'j C A connected, and and "i/j 

disconnected whenever i ^ j ■ Then there exists a map c : \& — ?> M, a i— )■ c^, and vectors 
Ei G 0ag,j,. 0a, i G {!,... ,k}, with 7:g^{Ei) ^ for all a G "ifi, such that q is a linear 
subspace of 

t)q = a* ® I 0M I E CaHc, + (1 - e)E, 

\ i=l \a£^^ 



Proof. Using the fact that the sets are disconnected, it is easy to see that a subalgebra 
t)q as considered above is abelian. Hence, in order to prove the proposition, it suffices to 
take an abelian subalgebra q C 0®p^ and prove that it can be reahzed as a subspace of one 
of the Lie subalgebras tJq as defined above. For that, consider ^ = {a G A : 7rg„(q) ^ 0} 
and write ^ = IJi=i with C A connected, and and disconnected whenever 
i ^ j- Our ffist assertion is that for each i G {1,. . . ,k} there exists a nonzero vector 
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Ei G 0Q,g,i,. Qa such that any vector C, E q can be written as ^ = + Yl'i=i ~" ^)Ei for 
certain C,o & a and Xi G M. 

We fix i G {1, . . . , k}. From Lemma 15.61 it foUows that dim7rg^(q) = 1 for all a G \E'. 
Hence, for each a G we can choose a nonzero vector Ea G Qa such that any vector ^ G q 
can be written as ^ = + Sae* '^"(-'^ ~ ^)Ea ioi certain ^ and G M. If, on the 
contrary, the previous assertion is not true, we can find ^ = + J2a^(^(^ ~ ^)Ea G q 
and Tj = rjQ + hail — 0)Ea G q such that for some a, /3 G \E'i connected in the Dynkin 
diagram the vectors (aQ,,a^), {pa, hp) G are linearly independent. Since q is abelian, we 
have 

a Oi 

(r/o)aa)(l + 0)Ea + ^ a„6^(l + 9)[Ea, Ep]. 

a a, 13 

In particular, taking the Qa+i3 component we get aahp — a^ha = by Lemma EH which 
contradicts the fact that (oq,, ap) and (6q,, hp) are linearly independent. 

Therefore, we have proved our assertion, that is, any vector G q can be written as 
^ = ^0 + ^i=i — 9)Ei for certain G o, Xj G M and Ei G 0ag^^ Qa- By the definition 
of \E', it is obvious that Ti^^{Ei) ^ for all a G and indeed we can write Ei = X^ae* Ea 
with suitable Ea G Qa (note that these might be different from the above Ea's). Since \E'j 
and are disconnected if i 7^ j, it is clear that [Ei, Ej] = for all i, j G {1, . . . , k}. 

We choose such a vector ^ = ,^0 + J2j=i ^ji^ ~ ^)Ej and assume Xi = 0. By definition of 
\E' there certainly exists t] = rjo + J2^=i Vji^ ^ ^)Ej G q with yi 7^ 0. Hence, 

j=l yaG-J-j 

and taking the g^-component for any a G \E'j we get a(^o) = because Xj = and yi 7^ 0. 
This implies that for each ^ G q and each a G \E'j we can write {^,Ha) = Ca{C){oi,a)xi (if 
Xj = any Cq,(^) will do). The next step is to prove that we can choose the same Ca for all 

eeq. 

Assume that we cannot choose the c^'s in such a way. Then there would be ^ = ^0 + 
X]j=i ^i(l ~ ^)Ej G q and r] = Y^^j=i Vji^ ~ ^)Ej G q such that Ca(^) 7^ £«(?]) for some 
a G "^i. This of course implies that Xi,yi 7^ 0. Taking the corresponding 0Q-component of 
[^, rj] as in the previous displayed formula we get 

= yia{^o) - Xia{r]o) = yi{^, Ha) - Xi{T], Ha) = Xiyi{a, a){ca{0 - Ca{v)), 

which leads to a contradiction. Hence we can choose the Ca independently of G q, which 
allows us to define a function c : \E' — )■ M by {^,Ha) = Ca{a,o.)xi, with the notation as 
above. 

Finally, if ^ = {o+E!=i 3:^(1-6')^^ G q we can write ^0 = ^o + Eae* ^a^" '^i^^ ^'^ e aq, = 
aQ M-ffo) and G M. Here, the must satisfy Ca(a,a)xj = {C,,Ha) = aa{oi,a), 

so q is contained in one of the model spaces in the statement of the proposition. □ 

The following lemma is useful to understand how s and s-^ are related. 
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Lemma 5.8. Ifs C t©a©n is a subalgebra ands^ = {C, E p : ^ -L s}, then Sn = 7r„0n(s) = 
{X ea®n: X ±sf}. 

Proof. If X G 5, then for all ^ G we have {X, ^ = by definition. Since i and p are 
orthogonal, TiaeniX) ± sf. 

Conversely, let X G a©n such that X ± S|^, and choose F G (a©n) ©5„. We may write 

Y = H + EAes+ with G a and Fa e Qx- Clearly, Y - ^.^^^ OYx = H + EAes+(l " 
e)Yx G p, and if Z G s we have {Y - Ex^^+GYx,Z) = {Y, Z) - Exe^AOYx^Z) = 0, 
because Y and Z are perpendicular and so are Q-x and t © o © n. This proves that 

Y — J2xeT:+ £ 5^- By assumption we have X ± s^, and so = (X, Y — J2xes+ ^^a) = 
(X, y) — J2xes+{-^y^^>^) ~ (^'^)) again because Q-x and a© n are perpendicular. Since 
Ye (a © n) © s is arbitrary, we conclude that X G (a © n) © ((a © n) © s„) = s„. □ 

Proposition 15.71 and Lemma 15.81 allow us to conclude the first step of the proof of our 
classification. 

Theorem 5.9. Let sct©a©n6ea subalgebra such that C o © zs abelian. Then 
there are an orthogonal subset $ C A, numbers Qq, G M and nonzero vectors G Qa for 
each a G and a linear subspace V C a$ such that 

5„ = (l^ © a* © n) © I M(a„i/„ + 

Proof. Since C a©pMs abelian, by Proposition 15 . 71 we have that is a linear subspace 
of 

q = a$© I 0Ml ^a,iJ„ + (l-^)E, 

V 1=1 \ae$i 

Here, as usual, $ = {a G A : Tr^^iSp) 7^ 0} = [J^^i^i, with $j connected, and <I>j 
disconnected to whenever i 7^ j, Ei G ©Q,g$- 0a with Hg^{Ei) ^ for all a G and 
a : $ — 7- M a real- valued function. Our first step is to prove that each $j consists of exactly 
one root. 

Fix i G {1, . . . ,k} and assume that $j has more than one root. We may write Ei = 
Eae*, with Ea G Qa- Also, take ^ = ^0 + Y.j 2/j(Eae<i>, + (1 " ^ -S^ with 

yi 7^ 0. Since dim (0o,g$. M£^a) > 1, there exists a nonzero vector X G Mi?a such 

that X is orthogonal to (or equivalently, to (1 — 9)Ei, or to ^, or to s^). By Lemma [5T8l 
there exists 5* G t such that S + X E s. We write X = J2a€'i>i ^^Ea- Now, for each a G 
and again for dimension reasons we can find a vector Z^ = + X]/3e*i ^afs^is ^^^^ ^^^^ 
Zq, is orthogonal to ^ (and hence to s^). Lemma EHl ensures that there exists G t such 
that Tq, + Zq, G s for each a G $i. By Lemma 15751 we get ([Tq,,X],^) = ([S, Zq,],^) = 0. 
Since s is a subalgebra and [Ep, E^] G n^, we have 

0= ([T, + Z,,5 + X],0 = =Z/. 
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for each a G Putting = '^(^af) taking into account that i/i ^ 0, the previous 
equation is equivalent to J2/3e^s>^ ^l3aXi3{Ep, Bp) = 0. Of course, is the Cartan matrix 

of the Dynkin subdiagram associated with Cartan matrices are known to be nonsingular 
(see for example [HI Proposition 2.52 (e)]) which means that xp{Ep, Ep) = for all /3 G ^i. 
This contradicts the fact that X is a nonzero vector and proves that $j has exactly one 
root. 

Thus from now one we can assume that is a linear subspace of 

q = a$ © I M {a^^H^ + (1 - e)E^ 

with Ea G Qa and $ an orthogonal subset of A. Thus, we have to show that 0Q,g$ R{aaHa+ 
(1 — 0)Ea) C 5|^. Consider a vector ^ = + X]«e<i> •^"('^"-^a + (1 ~ ^)Ea) € q orthogonal 
to Sp, with ^0 € I* and Xa G M. Since ^ is orthogonal to s^, by Lemma [5l8] we can 
find S" G t such that the vector X = S + C,o + J2ae<s>^ai^a^oi + Ea) is in s. On the 
other hand, it is clear, using again Lemma 15. 8[ that there exists G t such that = 
Ta + {Ea, Ea)Ha — Ca{ot,a)Ea is a vcctor in 5. Since s is a subalgebra, [Z^^X] G s for 
each a G $. A calculation using the facts that t © a is abelian, G and a + /9 ^ S if 
a, /3 G $ and a ^ (3, gives 

[Za,X] = Xa{a,a){{Ea,Ea) + al{a,a))Ea+ [T^, ^ + [S,aa{a,a)Ea]. 

Lemma [5.51 implies that the last two addends above are orthogonal to s^. Since [Za,X] is 
orthogonal to s^, the first addend must be orthogonal to as well. By definition of Sp, 
the only way this can happen is when Xa = for all a G $. This implies ^ = (,0^0.^ and 
proves M.{aaHa + (1 — d)Ea) C s^. Now the theorem follows after a straightforward 

application of Lemma 15. 8[ □ 

Motivated by Theorem 15.91 we introduce the following notation. Let a : $ — ?> M be a 
map and define a„ = a (a) for all a G $. Furthermore, for each a G $ we choose a nonzero 
vector Ea & C-q, ^ Qa- Consider 



s^y,a = © a* © n) © 



@^{aaHa + Ea)\ 



As above we will see in Proposition 15. 101 that this does not depend on the particular choice 
of We obviously have s$y,o = 5q>y for the zero map : $ — )■ M. 

Proposition 5.10. We have K(l[g)s<^y^a = s$,y with g = Exp(— ^^^^ aai^Q,) E N if 
$ 7^ and g = idc if ^ = 0. In particular, s^y^a is a subalgebra 0/ a © n. Moreover, 
the corresponding connected subgroup S^ya is conjugate to Sq>y and induces a hyperpolar 
homogeneous foliation. We also have 

{s^yX = (a* e © I R{aaHa + (1 - e)Ea] 

\ae<i> 
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Proof. We define = o-a-f^a + Ea for a G $. Then the subalgebra s^py^a can equivalently 
be written as s$,v/,a = (V'©a*©n)e (0„g$ M^o). Let = Exp{-aaEa) and g = H^^^ga- 
Since a and /3 are not connected in the Dynkin diagram, we have [Ea, Ep] = 0, and so 
g = Exp(— J2a€'S> ^a^a)- OuT aim is to prove that Ad{g)s<s>ya = s$,y. 
We introduce the foUowing notation: 

5a = © a* © n) e REa, 5^ = (\/ © a* © n) © M^„. 

First we prove that Ad{ga)5a = Sa for each a e Note that, since —a^Ea G a © n, 
it foUows that Kd{ga){a- © n) = o © n. Now let X e Sq. Since Ea is a unit vector and 
X e a © n, we have 

{Kd{ga)X,Ea) = (X,Ad(Exp(a„^E,))E,) = (X, e"'^^'^^^^")^^) 
= (X,E„ + a„i/„ + ^|«p^E,) = (X,U = 0. 

Also, if if G a$ © then a(ii) = for each a G $, so 

{kd{ga)X,H) = (X,Ad(Exp(a«^E„))ii) = (x, e''" ^'^(^^"^ii) 
= {X,H + aaa{H)eEa) = (X, ii) = 0. 

Altogether this proves that Ad{ga)Sa = Sa- 

Now let a, /3 G $ with a (3. We prove that Ad((?Q,)s^ = S/?. Since a and /3 are simple 
roots, f3 — ma is not a root for m > 1. Hence, 

Ad(Exp(t^E„))E^ = e'^'^'^'-^E^ = E ad(^E„)"^E^ = E^. 

m=0 

If if G a we also get 

Ad(Exp(i^E„))ii = e*^'i(^^")ii = ii + ta{H)9Ea. 
Now, let X G S;3. Using the previous equations we obtain 

{kd{ga)X,ip) = (X,Ad(Exp(a,^K))0) = (X, ^/j) + a„(«, /3)(X, ^K) = 0. 
Also, if ii G 0$ © V we get 

(Ad(c/„)X, ii) = (X,Ad(Exp(a„^E„))ii) = {X, H) + aaa{H){X,eEa) = 0. 

Altogether this proves Ad((7a)s/3 = S/?. A similar argument shows that Ad{ga)si3 = S/j. 
However, since 5$,y,a = Hae*-®" ^''iid s$y = Hae*-^"' using the previous two equalities and 
a simple induction argument, we obtain Ad{g)s<s>ya = (Hae* ^'^(S'"))-^*.^." ~ ^ 

This is a good point to recall the contents of Theorem l5.9[ which says that ifs C t©a©n 
is a subalgebra such that C o©p^ is abelian, then there are an orthogonal subset $ C A, 
numbers Oq, G M and nonzero vectors Ea G Qa for each a G $, and a linear subspace C a$ 

such that Sn = S$y,a- 
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Proposition 5.11. Let sct©a©n6ea subalgebra such that 

Sn = s^,v,a = (l^ © a* © n) e I Ria^H^ + E^) j 

with $ a subset of orthogonal simple roots, Ea G Qa nonzero vectors, V a linear subspace 
of a$ and aa G M, and define E = — ^^^^ a^^'a and g = Exp{E). Then the following 
statements hold: 

(i) Ad{g)5 is a subalgebra o/t © a © n and (Ad((7)s)„ C Ad{g)Sn = s$,y. 

(ii) For each a G $ the projection o/ (t © a © (n © g^)) fl s onto t centralizes E^. 

(iii) V C {M{g)5)n. 

(iv) Assume that A G S+ \ $ satisfies A + a ^ S for each a G $. Then Q\ C (Ad(5')s)„. 

In addition, assume that the orbits of the connected subgroup S of G whose Lie algebra is 
3 form a homogeneous foliation. Then the following further statements hold: 

(v) {Ad{g)s)n = Ad{g)Sn = s$y. 

(vi) Denote by Sc the projection of s onto t. Then Sc is an abelian subalgebra that 
centralizes each Ea- In particular, [5c, Sp] = 0. 

(vii) With the notation as in (vi), let Sc be the connected subgroup ofG whose Lie algebra 
is Sc- Then Sc acts trivially on Vq^S ■ o). 

Remark 5.12. Remark 14.41 shows that the hypothesis that the orbits of S form a homoge- 
neous fohation is necessary in Proposition 15.111 (v), (vi) and (vii). 

Proof- (i) First note that since n is an ideal of t©a©n we have Ad{g){i®<x®n) C t©a©n 
and Ad{g)5 C t© a © n. Proposition 15.101 imphes that Ad{g)Sn = 5$y. We have to prove 
that {Ad{g)s)n C s$,y. Let T + H + X e s with T e t, H e a and X e n. We aheady 
have Ad{g){H + X) G Ad((?)s„ = s$y, so it suffices to prove that the projection of Ad(5')T 
onto a © n is in s$y. Since n is an ideal of t © a © n this projection is Ad(5')T — T = 
^ad(E)'=T e n- We have to prove that (Ad(^)T - T, E„) = for all a G $. Since 
[E, T] G n and n is nilpotent it follows that ad(-E')'^r G n © for all k >2, and for k = 1, 
we have {[E, T], E^) = for all a G $ by Lemma [531 Hence, (Ad((7)s)„ C s^y = Ad{g)Sn- 
(ii) Let q; G $ and T be in the image of the projection of (t © a © (n © go,)) fl s onto t. 
Note that [T, E^] G go ©ME'q, since ad(T) preserves each root space and is skewsymmetric. 
Hence, we only have to show that {QaQREa, [T, Ea]) = 0. Let X G QaQREa be arbitrary. 
Since X G s„, there exists Sx & i such that Sx + X E s. By definition of T, there 
exist H E a and F G n © g^ such that T + H + Y E s. As s is a subalgebra we have 
[Sx, Y] + [X, T] + [X, H] + [X, Y] = [Sx+X,T + H + Y]e5. Since F] G n © g,, 
[X, H] = -a{H)X G ga © RE^ and [X, Y] G n © n\ the definition of s„ yields 

^ = {[Sx + X,T + H + Y],aaHa + (1 - e)Ea) = {[X, T], E^} = -{X, [T, 

which completes the proof of (ii). 

(in) Let if G y C o$. Since H e 5n there is G t such that Th + H e 3. By (ii) 
we have [Th,E] = and by definition a{H) = for all a G so Ad{g^^)iTH + H) = 
g-ad(i?)(j.^ ^H) = Th + H es. Hence Th + H e Ad{g)5 and H G (Ad(^)s)„. 
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(iv) Assume A G S+ \ $ and A + a ^ S for any a G $. Take X G and G t such 
that Tx + X G s. By (ii) we have [Tx, -E] = 0. Since A + a S for any a G $, we also 
have [X, E] = 0. Hence, kd{g-^){Tx + X) = e-^^^\Tx + X) =Tx + X es. This imphes 
Tx + X E Ad{g)s and X G (Ad(5f)s)„, so (iv) follows. 

(v) By (i) we already know (Ad((y')s)„ C Ad{g)5n = Sq,y. We prove the equality by 
showing that dim{Ad{g)s)n = dim Ad((7)s„. 

By hypothesis and Proposition 12.1^ all the orbits of S are principal and the same is true 
of Ig{S). Hence the isotropy groups So = S H K and Ig{S)o = Ig{S) fl K are conjugate. 
Their Lie algebras are s fl t and (Ad(5')s) fl t, respectively. By (ii) we have [s n t, i?] =0 so 
Ad{g) = e^*^^^^ acts as the identity on 5 fl t. Hence s fl t C (Ad(5')s) fl t and thus equality 
follows by hypothesis. This implies dim{Ad{g)s)n = dimAd(5')s — dim(Ad((7)s) fl t = 
dims — dims fl t = dims„ = dim Ad((7)s„. 

(vi) Obviously, Sc is an abelian subalgebra because t is abelian. For the second part, we 
assume first that s„ = s$y. Fix a G $ and let X G MEa be arbitrary. Then there 
exists S'x G t such that + X G s. Since Ha G a* C s„, there exists Th^ G t such that 
Tfj^+Ha G s. As s is a subalgebra we have [TH^+Ha, Sx + X] = (ad(TH'^) + (a, Q;)lg^)X G 
fla n s C Qa Q K-Ea, where Ig^ is the identity transformation of go-. Since (a, a) ^ 0, 
ad(T//^) + (a, a)lg^ is an isomorphism. Thus, the previous equality implies g^ REa G s. 
This implies Sx G s fl t and thus [Sx,Ea] = by (ii). Also according to (ii), and since 
a G $ is arbitrary, (vi) follows when s„ = s$y. 

Now we finish the proof of (vi). Let sct0a0nbea subalgebra such that s„ = Sq,y^a 
and assume that all the orbits of the corresponding connected subgroup S* of G whose Lie 
algebra is s are principal. By (v) we get (Ad(5')s)„ = 5q,y. Take an element T + H + X G s 
with T ei, H e a and X G n. Since H+X G s„, it follows that Ad{g){H+X) G Ad(5f)s„ = 
by Proposition 15. 101 Hence, the projection of Ad{g){T + H + X) onto t is the same as 
the projection of Ad{g)T onto t, and as g E N, that projection is T. Now, since (Ad((y')s)„ = 
s^y, applying the argument in the previous paragraph to the subalgebra Ad{g)5 we get 
[T, Ea] = [7Ci{Ad{g){T+H+X)),Ea\ = for all a G $. This already implies [E,T]=0 and 
thus Ad(^)T = T, so Ad(^) {T + H + X) = T + Ad{g) {H + X) and Ad{g) (i/ + X) G o n. 
Since [t, a] = 0, we obtain [T, (a$ F) (0„g$ M(aai?a + (1 - 0)Ea))] = and the result 
follows. 

(vii) Let t E Sc and C, G Uoi^S ■ o). Since s^ C p we may identify sj- and UoiS ■ o). By 
(vi), Sc centralizes s^, so with the above identification we get t^,^ = Ad{t)^ = ^. □ 

We will need the following result: 

Lemma 5.13. Let s be a subalgebra o/ I o n and s„ its projection onto o n. Let A 
and /i be two positive roots (not necessarily different). If Qx + g^ C s^, then gA+^ C Sn- 

Proof. We may assume that A + /i is a root; otherwise there is nothing to prove. Let 
X G gA and Y G g^. By definition there exist S,T E t such that 5* + X, T + y G s. Then, 
[S + X,T + Y] = [S, Y] - [T, X] + [X, Y] E s. Recall that [to, g^] C g^ for any z/ G S. The 
vector [S, Y] — [T, X] + [X, Y] is in n and hence in s„. On the other hand, [S, Y] — [T, X] E 
g^ + 0A C s„, so [X, Y] G s„. Since, X and Y are arbitrary, gA+^ = [gA, g^j C s„. □ 
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We now drop the assumption C a © p^. 

Let s be a subalgebra of t © a © n such that sj- is abehan. From now on we assume 
that the orbits of the connected closed subgroup 5* of G whose Lie algebra is s form a 
homogeneous foliation on M. As usual, we denote by s„ = 7r„0n(s) the projection of s onto 
the noncompact part of t © a © n. 

We define s = s + (n^ © ■ ■ ■ © n™) = s + (n© n^) where m = m0 is the level of the highest 
root of E. Since n © is an ideal of t © a © n it follows that s is a subalgebra of t © o © n. 
Also, 5 C s and thus C s^, which means that is also an abelian subspace of p. 

It is obvious by definition that C a © p^. Hence Theorem 15.91 implies that s„ : = 
7raen(s) = s^y^a with <I> C A a subset of orthogonal simple roots, G M, 7^ G 0a and 
V" C a$ as usual. By Proposition 15. 10[ there exists g & N such that Ad{g)Sn = s^y. This 
element can be taken to he g = Exp{E) with E = — X]ae<i> laEa- 

We define s = Kd{g)s. The subgroup of G whose Lie algebra is s is S* = Ig{S). Ob- 
viously, S induces a hyperpolar homogeneous foliation on M. By Proposition 15.111 (i) 
we get s„ := iTa^ni^) C (Ad(5')s)„ C Ad(5')s„ = s$^y. Then it follows that (a$ QV) ® 
]R(1 — 9)Ea) C s^. Since sj- is abelian, we have that sj- must be contained in the 
centralizer Zp((oc © V) © (©,e$M(l - e)E^)) of (a$ Q V) ® (©,e$M(l - 9)E^) in p. 
Our first aim is essentially to calculate this centralizer. Eventually, this will allow us to 
determine s„ and later 5„. 

We start with 0^g^M(l — 9)Ea where the situation is a bit more involved. We deal 
with this in a series of lemmas. 



Lemma 5.14. Let a G $ and let ^ E p be written as ^ = ^0 + ^Aes+(1 ~~ with ^0 E a 
and G 0A for each X e S"*". Then ^ is in the centralizer Zp(M(l — 9)Ea) o/K(l — 9)Ea 
m p if and only if ^0 e a{a}, e RE^, = and [^x-a,Ea] = [^x+a,9Ea] for all 
A G S+ \ {a, 2a}. 

Proof. If the vector ^ commutes with (1 — 9)Ea a simple calculation yields 

= [e, (1 - 9)E^] = (1 + ^) I a{^o)Ea + J2 - E [^^^' - t^^- I ■ 

y AeS+ A6S+\A J 

The above vector is zero if and only if each of its components in tx, A G S+ U {0}, is zero. 

The to-component is zero if and only if [9^a, Ea] G a, and the t2a-component is zero if 
and only if [^a, Ea] = 0. Denote by D the vector subspace of Qa spanned by Ea and C,a- The 
above two conditions imply [d, 6*0] C a and [o, d] = 0. Since a is a simple root. Lemma [5^ 
implies that D is 1-dimensional and hence £ RE^. 

The ^Q-component vanishes if and only if a{^o)Ea — [^2a, 9Ea] = 0. Taking inner product 
with Ea yields 



= («(eo)K - [^2a,9Ea],Ea) = a{^o){Ea,Ea) - (6a, = «(eo)(^^a, ^a). 
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Hence, ^ <^{a} = ci RiJ^. Taking into account the above equation, this also imphes 
[^2a, 0Ea] = 0. Using the Jacobi identity we get 

which imphes ^2a = 0. 

Finally, if A G S+ \ {a, 2a}, the ^A-component is (1 + 9){[^x-a, Ea] — [$,x+a,9Ea]). This 
vanishes if and only if [^x-a, Ea] — [^x+a, 9Ea] = because 0a and g_A are linearly inde- 
pendent. Since the "only if " part is elementary, the result follows. □ 

Lemma 5.15. Let a G $ and A G \ {a, 2a}, and assume that the a-string of A has 
length greater than one. Then 0^g2 0A+»na C 5„. 

Proof. Since (1 — 6)Ea G and is abelian, we have sj- C Zp{R{l — 6)Ea). Let ^ G 
and write as usual = + SAes+(l ~ ^)^^ with & a and ^a £ 0a for each A G 
Lemma [5.141 already implies that ^ '^{a}^ ia ^ Mi^Q, and ^2a = 0. We have to prove that 
ix+ma = for all m G Z. We prove this assertion depending on the whether the length of 
the a-string of A is 2, 3 or 4. Note that A ^ $. 

Assume that the length of the a-string of A is 2. In this case we may assume A— a, A-|-2a ^ 
and A, A -|- a G S"*" (switch to A — a if necessary). Then a and A span a root system 
of type A2. Since A + 2a ^ S+, Lemma 15.141 implies [^x^Ea\ = [C,x+2a,0Ea] = 0. Since 
A — a S and A + a G S we get from Lemma 15.41 that .^a = 0. Similarly, by Lemma 
15.141 we have [C,x+a, ^Ea] = [^x-a, Ea] = 0. Since A + a — (—a) = A + 2a ^ S and 
A + a -|- (—a) = A G S, Lemma [5.41 yields ^x+a = which finishes the proof in this case. 

Assume that the a-string of A has length 3. In this case we may assume A— a, A+3a ^ S+ 
and A, A + a, A + 2a G S+. Then, A and a span a root system of type B2 or -BC2. First 
we claim that ^x+a € [0a IR-E'a,0A]- Since the root system spanned by A and a is of 
type B2 or BC2, A + a and a are orthogonal and have the same length. This implies that 
there exists an element of the Weyl group that maps a to A -|- a. Hence 0a+o and 0q have 
the same dimension. By Lemma 15. 4^ for any nonzero Zx G 0a, ad(ZA) : 0a — > 0A+a is 
injective, hence bijective. We write C,x+a = [Zx, cEa + Za] with c G M and Z^ & QaQ RE^. 
Since {Za, Ea) = 0, Lemma [5^2] yields (1 — 9)[9Ea, Za] = and thus [9Ea, Za] G ^o- Hence 
a.d{[9Ea, Za]) is skewsymmetric. Lemma [5.141 implies [C,x+a,9Ea] = [C,x-a,Ea] = 0. Then, 
using the Jacobi identity, we get 

= 9Ea], Zx) = {[[Zx, cEa + Za], 9Ea],Zx) 

= -c{[[Ea,9Ea],Zx],Zx) - {[[Za,9Ea],Zx],Zx) 

= c(A, a) {Ea, Ea) {Zx, Zx) - (ad([Za, 9Ea])Zx, Zx) = c(A, a) {Ea, Ea) {Zx, Zx) . 

Hence c = and our assertion follows. 

Now we claim that 0a © 0a+2o C s„. By Lemma [5.141 we have 

Zn®n+2c.W - d)Ea) = {(1 - 9){7]x + Vx+2a) G Pa © Px+2a : [vx, Ea] = [VX+2a, 9Ea]} 
whose dimension coincides with dimpA. Note that rix+2a is uniquely determined by r]x since 

[[l]x, Ea], Ea] = [[T]x+2a,9Ea],Ea] = -[[9Ea, Ea], r]x+2a] = -\Ea\'^ {a, X + 2a)T]x+2a- 
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Since G s„, by Lemma 15.141 there exists 5* G t such that S + G s. We prove 
that Zp^0p^^2c,(^(l ^ (^)Ea) is invariant under ad(5'). Let X G M.Ea. Then there 
exists T G t such that T + X G s by Lemmas 15.81 and 15.141 Hence, [S + Ha, T + X] = 
(ad(S') + {a,a)lg^)X G s fl C s„. Using again Lemma [5.141 we get = ((ad(5') + 
{a, a)lsJX, (1 - e)Ea) = -{X, ad(^)K). Since X G g^ RE^ and ad(5)E„ G g„ RE^ 
(because ad(S') is skewsymmetric) , the above equation imphes [S', i?a] = 0. Note that 
[S,eEa] = e[S,Ea] = 0. Now assume that (1 - e){r]x + Vx+2a) G Zp,ep.+2„(K(1 - 0)Ea). 
We have to show that (1 - 9){[S,rix\ + [5',?7a+2q]) G Zp^ep^^2^(M(l - 9)Ea). Indeed, using 
the Jacobi identity and [S, Ea] = we get 

[[S,r]x],Ea] = -[[r]x, Ea], S] = -[[vx+2a,dEa], S] = [[S,r]x+2a],Ea]. 

This proves that Zp^^f^_^^^(R{l — 6)Ea) is invariant under ad(5'). 

Let Zx G gA. Then there exists Zx+2a G gA+2a such that Zx + Zx+2a is perpendicular 
to Zp^^p^^^^{M.{l — 6)Ea). Thus Lemma I5l8] yields that Zx + Zx+2a G s„, and so there 
exists T G t such that T + Zx + Zx+2a G 5. Hence [S + Ha, T + Zx + Zx+2a] = [S, Za + 
Zx+2a] + (A, a)Zx + (A + 2a, a)Zx+2a G s n (gA gA+2a)- As Zx + Zx+2a is perpendicular 
to 2'p^0p^_|_2^(M(l — 6)Ea) and Zp^^p^^^^{M.{\ — 6)Ea) is ad (5) -invariant, it follows that 
[S, Zx + ^A+2a] is also perpendicular to Zp^^p^^^^{R{l - d)Ea), and so [S, Zx + Zx+2a\ G Sn 
by Lemma 15.51 Hence, (A,q;)Za + (A + 2a,a)Zx+2a G s„. Since A and a span a root 
system of type B2 or BC2 we know that (A, a) < and (A + 2a, a) > 0. Therefore we 
have Zx G s„, which implies gA C s„. Similarly, one can show gA+2Q C s„, which proves 
our claim. Hence, ^A5^A+2a = 0. 

We have that (g„ REa) gA C s„. Let X G g„ REa and F G gA. There exist 
S,T et such that S + X,T + Y es. Hence, [S + X,T + Y] = [S, Y] - [T, X] + [X, Y] G 
■5n(ga0gA0ga+A) C Sn- Then, by Lemma |5T8| the right-hand side of the previous equation 
is orthogonal to {1 — 9)Ea so [T, X] G go, RE^ C Sn- Since [S, F] G gA C s„ we conclude 
[X, Y] G s„. As X and Y are arbitrary, ^x+a G [g^ REa, Qx] C s„. This implies ^a+q = 
and finishes the proof for a-strings of A of length 3. 

Finally, assume that the length of the a-string of A is 4. In this case we may assume 
A — a, A -|- 4a ^ E"*" and A, A -|- a, A -|- 2a, A -|- 3a G T,^. Then a and A span a root system 
of type G2- A consequence of this fact is that all four restricted root spaces have the same 
dimension. Now, by Lemma EH the linear map a.d{Ea) : gA — ^ gA+a is injective, and hence 
bijective. Thus, we can write C,x+a = [Ea,Xx] with Xa G gA. We get from Lemma [5.141 
that 

= [^\-a,Ea] = [^X+a,dEa] = [[E^, Xx], OEa] = —[[9Ea,Ea],Xx] = — {X, a) {Ea, E^) X x- 

Since (A, a) 7^ 0, this implies Xa = 0, and hence C,x+a = 0. Since A -|- 3a — (—a) ^ E and 
\ + 3a + (-a) G S, Lemma [El and [^x+sa, OEa] = Ea] = imply ^x+sa = 0. 

Another application of Lemma 15.41 implies that ad(6'-E'a) : gA+sa — ^ gA+2a is injective 
and hence bijective. A similar argument as before writing ^A+2a = [OEa, Xx+sa] with 
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X\+3a e Q\+3a yields, using Lemma 15.141 

= [C,X+4,a,9Ea] = [C,X+2a,Ea] = [[9Ea, X x+3a], Ea] 
= —[[Ea,dEa],Xx^3a] = (A + 3a, «) (-Eq,, i?Q,)XA+3a- 

Hence, X^+sa = and ^A+2a = because (A + 3a, a) 7^ 0. Since A — a ^ S and A + a G S, 
Lemma [El and [^a, E^] = [6+2a, dE^] = imply ^a = 0. □ 

We define \1' = {7 G A : (7, a) = for all a G $}. The root subsystem of S generated 
by is denoted by Sij,. We also denote by 2$ the set of roots of the form 2a with a G $. 
Of course, the number of elements of 2$ is at most the number of irreducible components 
of S. The root subsystem generated by \E' U $ is U $ U 2$. 

Lemma 5.16. We have 

5p^ C a$ © I M(l - 9)E^ j © (p* © a) . 

Proof. If $ = then = A and = S, and so the assertion is that C p and there 
is nothing to prove in that case. Hence, we may assume that $ 7^ 0. It can happen 
that $ U \E' = A. By definition of this implies that S is reducible, and in fact it is the 
direct sum of two root systems, one generated by \l/ and the other one generated by 
Moreover, each element of $ is in an irreducible component of rank one of S. In that case, 
Sij, = S \ ($ U 2$) and the result follows readily from Lemma 15.141 Hence, we may also 
assume that $ U 7^ A. 

Let Z = ^Yie characteristic element in a of the gradation g = 0^^^ slu^- of 

corresponding to the parabolic subalgebra q$u*- We claim that if A G S"*' and \{Z) = 1 
then there exists a G $ such that A + a G S+ or A — a G S"*". 

In order to prove this, let A G be such that \{Z) = 1. If (A, a) 7^ for some 
a G $, then Axa 7^ 0, where Ax^ is the corresponding Cartan integer. This clearly implies 
our claim. Thus we may assume (A, a) = for all a G Write A = X]7eA ^^7^ "with 
> 0. Then by hypothesis, 1 = X{Z) = X]7eA\(<i'u*) ^7- Since > we can then 
write A = J2ae<s>^'^^ + /3 + yU, where /3 G A \ ($ U \E') and /i G span\E'. Now, since $ 
consists of orthogonal roots, for each a G $ we have = (A, a) = na{a,a) + {(3, a) = 
+ Aj3a/'2){a,a) so the Cartan integer satisfies A^q, = — 2?t,q,. It cannot happen that 
ria = for all a G $ because in that case the previous equality implies a) = for all 
a G $ and hence /3 G ^E', contradiction. Therefore we can find a G $ such that n^, > 0. 
We will see that A ± a G S"*", from where the claim will follow. 

By the properties of Cartan integers, the equation Ajja = —2na can only hold when 
Ha = I and {a, (3} spans a root system of type B2 (or BC2). It is also obvious that A 
must be a root of the root subsystem of S determined by the irreducible component where 
both a and /3 lie. Hence, the connected component of a and /3 in the Dynkin diagram of 
the original root system E has a double arrow pointing to a. Therefore, this connected 
component is one of Br, Cr, BCr or F4. Relabel the corresponding reduced Dynkin diagram 
as indicated in the following figure: 
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According to this labeling /i G spanjai, . . . , ai-2, 0:1+2, • • • } (whenever the corresponding 
simple roots exist). However, since a, is orthogonal to a and /3 for i > / + 2, it follows that 
A can be a root only if /i G spanjai, . . . , ai-2}, so the problem reduces to studying a root 
of the form A = Yl\=i '^-i'^i ™- ^ ^^ot system of type Bi or BCi with the labeling as above 
and with ni^i = 1, rii > 1. By the description of all roots for these root systems, A must 
be of the form X = ai + ■ ■ ■ + ai or X = ai + ■ ■ ■ + ai-i + 2ai. Only the first of these two 
possibilities can be orthogonal to a, and in that case it follows that A ± a G 

Therefore, if A G and X{Z) = 1 there exists a G $ such that A + a G S+ or 
A — a G S+. Since A 7^ a, 2a, we can now apply Lemma [5.151 to obtain that 0$^^ C s„. 
Since the gradation is of type ao, it follows from Lemma 15.131 that 0jt>i fllu^- ^n- This 
implies that is contained in the projection of g° onto p. Obviously X{Z) = if and only 
if A G Sij, U $ U 2$. Combining this with Lemma [5. 141 we get the result. □ 

Now we turn our attention to the a-part of Sp and define S = {A G S : A(a$0K) = 0} = 
{A G S : Hx G \^©a*}. It is obvious that S is a (possibly empty) root subsystem of S. We 
denote by S"*" a set of positive roots with respect to an ordering consistent with that of E. 
We define 11 = A fl S and denote by Sn the corresponding root subsystem of S generated 
by n. Consider in Sn an ordering compatible with that of S so that = Sn H S"*". 

Lemma 5.17. We have 

~ - e)E^ 1 © (pn e a) 




Proof. Write ^ G p as ^ = ^0 + Z^ass+I^ ~ with ^0 ^ a and ^ Qx for each A G S+. 
Given He a$©V^ we get [H,$,] = (1 + 6^) XlAes+ '^(-^)^a, which implies that the centralizer 
of acj, © 1^ in p is Zp(a$ QV) = a® (0^62+ Pa)- 

For any a G $ it is obvious that a;(a$ © V^) = 0, and so $ C S. Using Lemma [5.161 and 
Zp{a^ eV) = a® (0Aei;+ Pa) we easily get 

C a$© ( 0M(1-^)E, J © Pa 

This implies that for any A G S+ \ ($U (S^ HS)) we have Qx ^ -Sn- We will use this fact 
several times during this proof. 

Let Z = ^Yie characteristic element in a of the gradation q = ©^g^ SA\(*\n) 

of g corresponding to the parabolic subalgebra qA\(*\n)- Let A G S^ be written as A = 
J2-ye^ ^-yl assume X{Z) = 1. Then 1 = X{Z) = J2je^\n^i^ write A = a + 

where a G \E' \ 11 and /i G span 11. By definition of /i it is obvious that /i(a$ QV) = 0, and 
by definition of a it is clear that A(a<i, © V^) = a(a<i, QV) 0, that is, A ^ S. Thus we have 
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0A C 5„. On the other hand, assume A G S+ \ satisfies X{Z) = 1. Then we conclude 
0A C 5„ unless A G $. The latter case is not possible since $cA\\E'cA\(\I^\n), which 
would imply X{Z) = 0. Hence, the conclusion is that for any A G satisfying X{Z) = 1 
we have 0a C s„. This implies that 0A\(^\n) hence, by Lemma 4.13 we have 

©fc>i 0A\(*\n) ^n- Combining this with the above inclusion for implies the result. □ 

We are now ready to determine Sn- 

Lemma 5.18. We have s„ = s^^y.a- 

Proof. Fix a G n. Since a G S we have a(a<j, V") = and hence G V" © a*. On the 
other hand, a G so Ha G a$. Since a$ fl a* = {0}, Proposition 15.111 (iii) applied to s 
implies Ha G V C (Ad((7)s)„. Thus there exists S' G t such that S + Ha G Ad{g)5. Let 
X G 0Q,. By definition of LI and Proposition 15.111 (iv) we get Qa C (Ad((7)s)„,. Then there 
exists T G t such that T + X G Ad((7)s. Since Ad(5')5 is a Lie algebra and [t, Qa] C ga 
we have [5 + /7«,T + X] = [S,X] + [Ha,X] = (ad(5) + {a,a)l,jX G (Ad((7)5) n Qa, 
where Ig^ is the identity of Qa- Since the linear map ad(S') is skewsymmetric, it follows 
that ad(S') + {a,a)lg^ '■ da ^ Qa is an isomorphism. However, X G go, is arbitrary, and 
so Qa C. Ad(5')s. Since a G H is also arbitrary it follows that for all a G H we have 
Qa C Ad{g)s. 

Let us denote by = fl Un the direct sum of root spaces associated with roots of 
of level s (note that the level of a root in coincides with the level of this root as a root 
of S). The previous argument shows that C Ad(5')s. Choose a basis {Ei, . . . ,Ek} of 
n^. Since g E N it follows that Ad{g){n n^) C n n\ and as Ad(5') is an automorphism 
equality holds. Hence, by definition of s and s it is obvious that Ad{g)5 = s + (n n^). 
Therefore, for each i, there exists Xj G n such that Ei + Xi G s. 

We introduce the following notation. Define [Yi, 12, • • • , ^] = [^i, [^2, • • • , ^]] induc- 
tively, being \Yi, Y2] the usual Lie bracket. Denote by k the level of the highest root of S^. 
Let s be the smallest integer for which n'^ ■ ■ ■ C s„. Our aim is to prove s = 1. 

First we prove s < k, that is, n'' C s„. Since [n"-, n^] C n"+'' and n0(n^0fi^0- ■ ■0n'') C s„ 
by Lemma [5. 171 we have [Ei-^ +Xj-^, . . . , +-^1^] = [Ei-^, ■ ■ ■ , Ei^] mod s„. Here we have 
used the fact that the level of a root in Ej!j is the same as the level of that root as a root 
of The brackets of k vectors in the right-hand side of the previous formula span n'^ 
whereas the brackets on the left-hand side belong to s fl n because s fl n is a subalgebra. 
Since s fl n C s„, this implies n''' C s„. 

Now assume s > 1. Hence n'* ■ ■ ■ n'^ C 5„ but n'*"-'^ ^ s„. We use again [n'^, n^] C n''"''^ 
and n (n^ ■ ■ ■ n"*" ^ ) C s„ , which follows from Lemma 15.171 and the definition of s . 
Thus we get [Ei^ + Xj^, . . . , Ei^_-^ + Xj^_J = [Ei^, . . . , -Ej^.J mod s„. Again, the brackets 
in the right-hand side of the congruency span n*~^ whereas the brackets in the left-hand 
side belong to s fl n C s„. Then we get ii*"^ C Sn, which is a contradiction. Therefore 
s = 1 and thus • • • n*^ C s„. Altogether this implies 

{a^eV)® i^R{l-e)Ea] cs^ C a$0 |0M(1-0)E, 
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Since V C (Ad((7)s)„ by Proposition 15.111 (iii) and n0n^ C s„ by the above equation, it 
follows from Ad{g)s = s + (n n^) that 5„ = s^^y. 

Let T + H + X G s with T e t, i7 G a and X G n. By hypothesis, the connected subgroup 
5" of G with Lie algebra s induces a hyperpolar foliation. Let E = — CLaEa and 

g = Exp{E). It follows from Proposition ISTTT] (vi) that [Sc, -E] = 0, and hence Ad{g~^){T + 
H + X) = T + Ad{g~^){H + X). Proposition ElO] shows that Ad{g-^) S(j> y — 5$ Va- Since 
5 = Ad{g^^)s, the result follows. □ 

To conclude our proof we need to prove the following result: 

Proposition 5.19. Let t© a(Bn be a maximally noncompact Borel subalgebra of q. Let s 
be a subalgebra o/ 1 © a © n such that s„ = Ha^n{5) = s$,v/,a with some orthogonal subset $ 
of A. Assume that the orbits of the connected subgroup S of G whose Lie algebra is s form 
a homogeneous foliation on M. Then the actions of S and S<s,y are orbit equivalent. 

Proof. First, assume s is a subalgebra of t © a © n such that Sn = s$,y. Certainly, s„ is 
a subalgebra of a © n. Denote by S and Sn the corresponding connected subgroups of G. 
Also, denote by N the connected subgroup of G whose subalgebra is n© (0Q,g<j, M-Ea). We 
prove that S and Sn have the same orbits. 

Assume that T + H e s with H e a and t e i. Let X G n © (0„g$ . By 
definition, there exists R & s such that i? + X G s. As t © a is abelian, [T + H,X] = 
[T + H,R + X] G s n n. Hence, if tan G S, there exists n' ^ N such that tan = n'ta. Since 
t © a is abelian we have ta = at, and since a normalizes n © (0^^$ M.Ea) , there exists 
n" G N such that n'a = an". Altogether this implies tan = n'ta = n'at = an"t. Thus, 
tan{o) = an"t{o) = an"{o) and hence S ■ o C Sn ■ o. Since both orbits S ■ a and Sn ■ o have 
the same dimension and are connected and complete we conclude S ■ a = Sn ■ o. Now, let 
p = expo(^) with ^ G UoiS ■ o). Using the fact that S acts isometrically on M and that 
t*^ = ^ by Proposition 15.111 (vii) we get 

tan{p) = expi„„(„)((tar2)4) = exp„„„(„)((an")*0 = an"{p). 

Hence, S ■ p C Sn ■ p, and thus equality holds. Since the action of S is hyperpolar, all the 
orbits can be obtained in this way, and so S and Sn have the same orbits as claimed above. 

Now we deal with the general case, that is, s„ = s$,y,a. Let S be the connected subgroup 
of G with Lie algebra s. By Proposition lS.llI (v). there exists g E N such that {Ad{g)s)n = 
Ad{g)Sn = s$,y. The subgroup Ig{Sn) whose Lie algebra is Ad{g)Sn = (Ad((7)s)„ has the 
same orbits as Ig{S) by the previous argument. Then Ig{Sn) and 5* have the same orbits 
and hence the theorem follows. □ 

Now we finish the proof of Theorem 14. 1 II (ii) . Let if be a closed subgroup of the isometry 
group of M inducing a hyperpolar homogeneous foliation on M. By Proposition 15.11 the 
action of H is orbit equivalent to the action of a closed solvable subgroup S whose Lie 
algebra s is contained in a maximally noncompact Borel subalgebra. Then, there exists a 
Cartan decomposition of g = t © p and a root space decomposition g = flo © (©ags 0a) 
with respect to a maximal abelian subspace a of p such that the projection of s onto a © n 
is given by s„ = s$y,a by Lemma 15.181 Proposition 15.191 then implies that the actions of 
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the connected subgroups of G with Lie algebras s and s$ i/,a are orbit equivalent. Hence, 
the action of H is orbit equivalent to the action of Sq,y on M, which concludes the proof 
of Theorem 14.111 

6. Geometry of the leaves of hyperpolar homogeneous foliations 

In this section we study the extrinsic geometry of the leaves of hyperpolar homogeneous 
foliations on noncompact symmetric spaces. We identify M with AN endowed with the 
inner product ( ■ , ■ )AAf as described in Section |3l However, we still denote by orthogonal 
complement in g with respect to ( ■ , ■ ). 

Proposition 6.1. The orbit S^y ■ p is isometrically congruent to S^y^a ■ o for some a : 



Proof. Let V be the left-invariant distribution on M determined by (a0V")©£$. Obviously, 
(a V") © is a subalgebra of a n, and since AN is simply connected, the leaf of V 
through o\sVo = Exp((a0y) 0£$) -o. We prove that V is autoparallel. Using the formula 
for the Levi-Civita connection it is easy to obtain V hH' = V = 0, V e^H = —a{H)Ea 
and 2Vec,Ep = {E^, Ep)Ho, for any H,H' e aQV and a, /3 G 

In particular, the leaf Vo is totally geodesic in M and since z/o(5'$y ■ o) = (a$ V^) 
it contains the section of Si^y through o. Since a section of Si^y intersects all the orbits, 
we may assume that p lies in that section and so, the point p can be written as p = g{o) 
with g = Exp(X) and X G (a F) Hence, S'^^y • p = g{g~^S^yg) ■ a = gIg{Sq,y) ■ a. 
Since g is an isometry of M, the orbit S^y ■ p is isometrically congruent to /g(S'$^y) ■ o. 
We will now prove that Ig{S^y) = S^y^a for some a : $ — t- M, and for that we will show 
that Ad{g)s^y = S^ya- 

Let H e a. We show that Ad(Exp if)s$y = s$y. Since Ad(Exp if)s$,v' C a0 
n, it suffices to prove that Ad(Expif)s$y is orthogonal to (a^ Q V) (B Let X G 
s<i>y, iJ' G a$ V and a G Then our assertion follows from {Ad(Exp H)X, H') = 



{X, Ad{Exp{-e H))H') = {X^e^-^^^^H') = {X,H') = 0, and 

(Ad(Exp H)X, E^) = {X, e'^^^'^E^) = ^^{X, E^) = e"(^) (X, E^) = 0. 



Write X = H + J2ae'S'(^»^a + yaEa) with H e a^QV and Xa,ya^ ^- Since Mi^„0]RE„ 
is a subalgebra, there exist constants aa,ba G M such that Exp(a„ii^a) ■ Exp{baHa) = 
Exp{xaHa + HaEa)- This equatiou and [a$,0$] = [0{a},0{/3}] = {0} for any a, (3 G 
a ^ /3, imply 



$ ^ M. 



k=0 



9 = 
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Hence, the equality Ad(Exp if')5$ y = s$ y for any H' E a and Proposition 15.101 imply 
Ad{g)s<s>y = Ad |^Exp a^E^ j Ad ^Exp + j j = s$,y,a, 

where a : $ — t- R, « i— t- ac,. This concludes the proof. □ 

In view of Proposition 16.11 in order to calculate the geometry of the orbits of S'$y, it 
suffices to study the geometry of the orbit through the origin o of S,^y^a, where $ is an 
orthogonal subset of A, is a linear subspace of a$ and a : $ ^ M is a function. Hence, 
we consider 

a 

\ae* / 
for certain Oq, G R and G Qa with {E^, E^) = 1. Note that 

5$,y,a = V^© j © I 0((g„©ME,)©02a)) © gA 

where = j^sHa — aaEa- We denote by 2$ the set of roots of the form 2a with a G $. 

Let X, F G 5q>y^a and ^ G t'o('S'$y,a ■ o). Using the formula for the Levi-Civita connection 
with respect to left-invariant vector fields we easily obtain 

A{A^X,Y)AN={[{l-e)i,XlY). 

From now on let Z G s$y,a- 

Assume first that ^ G 0$ © 1^. If X G V, then 2(^5^, Z)a7v = ([^,X],Z) = 0. Since 
^ G a$ we also have 2{A^Xoi, Z) an = = ~O'aC({0{Ea, Z) = 0. Analogously, if 

X e Qa Q ^Ea then 2(AgX, Z)an = 0!{^){X, Z) = 0, and similarly, if X G 02a then also 
A^X = 0. Finally, if X G 0a with A G S+ \ ($ U 2$), then 2{A^X, Z) an = ([^,X], Z) = 
A(0(X,Z) = 2X{0{X,Z)an. In particular, tiA^ = EAesn(-fu2*)(dini0A)A(O = 25(0, 
where as usual 5 = | ^;^gj.+ (dim0A)A (see [151 p. 329]). 

Now let ^ = fla-ffa + 2i?a for some a G The vector ^ is orthogonal to s^^y.a with 



respect to ( ■ , ■)an and has length ^y 2 + a'^\a\'^ . IfXGl^, then it follows that 

{A^X, Z)an = \m- OK, X], Z) = -la(X)(E„, Z) = 0. 
For /3 G $ we calculate 

{A^Xfs, Z)an = { —aaap{a, (3)Ep — ^^^^J E^ + -ai3{Ea, Ep)Ha, Z 

I ^ /AN 

If a 7^ /3, we have as usual that a and (5 are orthogonal and hence A^Xp = 0. If a = /3, we 
can write the above expression in terms of ^ and Xq, to get 

(A^Xq,, Z)an = (c-alapXa, — Z)an = O'a\oi\'^{^a, Z) , 



/AN- 



HYPERPOLAR HOMOGENEOUS FOLIATIONS 35 

Assume now that ^ G REj^ with /3 E ^ and a /3. Since a and /3 are orthogonal we 
get [(1 - e)^,X] = 2{aJ{a,(3)X + [E^^X] - [eE^,X]) = 0, and thus A^X = 0. One can 
prove in a similar way that A^X = if X G 02/3 with /3 G $ and a ^ f3. 

Now we turn our attention to the subspace (Qq, M.Ea) 02a- Let X E Qa Q M£^a- 
Clearly, X] G 0o and X],H) = a{H){X, E^) = for all H e a. Then we get 

{A^X, Z)AN=l{[aaHa + E^-eE^,X],Z) = {a^^X + [E^, X], Z)an. 

On the other hand, if y G 02a we have 

{A^Y, Z)an = \{KH^ + E^- dE^, Y],Z)^ (2a«|a| V - [9E„, Y],Z)an. 

Since {[6Ea,Y],Ea) = —{Y, [Ea,Ea\) = 0, A^ leaves the subspace {q^ RE^) 02a in- 
variant. Moreover, since for Y G 02a we have [Ea, [6Ea,Y]] = —[Y, [Ea,OEa]] = —2\a\'^Y, 
the linear map ad(£'a)| ad(^£^a)(02a) : ad(6'_EQ,)(02a) — > 02a is an isomorphism. From 
here we get the decomposition 0q, = Ker(ad(i?a)|0a) ad(^^-EQ)(02«)- Hence, if X G 
Ker(ad(£'a)|0«) wc get from the previous expression that A^X = ao,|apX, so A^ re- 
stricted to Ker(ad(^Q)|0Q)0R£;Q is aQ|aplKer(ad(i7„)|0a)eMEa and the multiphcity is dim0a- 
dim02Q — 1. On the other hand, for nonzero Y G 02a define X — [9Ea,Y] G 0^. Then 
the previous formulas read A^X — aa\a\^X — 2\a\^Y and A{Y — —X + 2aa\a\^Y. The 
eigenvalues of the matrix 

adaP —1 



— 2|Q;f 2aQ|a|' 

are ^ ^3aQ,|a| ± \/8 + a^apj . 

Before continuing wc need the following (recall that ^ = a^Ha + 2Ea) 

Lemma 6.2. ad((l - (n0 (0^e$(07 ® S27))) C n0 (0^e$(07 ® 827)) • 

Proof. Let F G n ^0^,g$(07 027) j • By the properties of root systems, it is clear that 

ad((l — 6)^)Y C n. For /3 G $ and Z G 0^3 we calculate 

(ad((l = (ad((l - e)()Z,Y) = 2a^{a,l3){Z,Y) + {[E^,Z] - [9E^,Z],Y). 

By assumption we have {Z,Y) = 0. Now, if a 7^ /3, [Ea, Z] G Qa+/3 = and [9Ea,Z] G 
Qfi-a = 0. li a = [Ea,Z] G 02a and so = 0, and [9Ea,Z] G 0o, and so 

{[9Ea, Z],Y)^ 0. In any case, (ad((l - 9)0Y, Z) = 0. 

If Z G 02/3 a similar calculation shows (ad((l - 9)^)Y, Z) = {[E^, Z], Y) - {[9Ea, Z], Y). 
If a ^ /3, [Ea, Z] G 0a+2/3 = and [9Ea, Z] G 02/3-a = 0. If a = /3, [E^, Z] G 03a = and 
[9Ea, Z] G 0a so {[9Ea, Z],Y) ^ 0. In any case, (ad((l - 9)^)Y, Z) ^ and the result is 
proved. □ 

Now define = Exp(^^(l + 9)Ea)) for a G It is well known that G NK{a). 
Moreover, we have 

Lemma 6.3. Ad(0) (nQ (0^e$(07 © S27))) C n0 (0^e^(0 7 027) 
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Proof. The argument given in the proof of the previous lemma can be apphed here to 
show that ad((l + e)0 (ne (0^6$(g7 © 027))) Cue (0^e<j(0 7 ® 027)^ • Since Ad(0) — 
S-=i ^(^)'" + 9)0'^, the result follows. □ 

Finally, let X G 0a with A G S+ \ ($ U 2$). It follows from Lemma [O that leaves 
ne(©-ye$(s-y©S27)) invariant. Thus, if Z G a©(©^e$(0^©g27)) then {Ad{(j))A^X, Z)an = 
{A^ Ad{(f))X, Z)an = 0. Assume Z G Tl© (©igcj) (07 ©027))- Using the previous two lemmas, 
Ad{(f))Ha = -Ho, and Ad(0)((l - e)E^) = -(1 - 0)E^ we get 

{Ad{cl))A^X,Z)AN = ^{Ad{(l))A^X,Z) = ^{A^X,Adir')Z) 

= {A^X,Ad{(p-')Z)AN = \m-9)^,XlAd{(p-')Z) 
= ^{[Ad{<f)){aaH^ + (1 - e)E^),Ad{(j))X],Z) 

= -^)e,Ad(</.)X],Z) = -{A^Ad{(j))X,Z)AN. 

In particular this implies trA^ = aQ,|ap(dim0Q, + 2 dim 02a)- 
We summarize all these calculations in the following 

Proposition 6.4. Let S,i,y^a be the connected subgroup of G whose Lie algebra is s<s,y^a- 
Let us write Xa = j^^Ha — aaE^ and denote by A^ the shape operator of Si^y^a ■ o with 
respect to a normal vector ^ G Voi^Si^y^a ■ o). We have: 

(1) If ^ G a$ © then the restriction of A^ to the linear subspace V © ^0^g^MX^^ © 

(07e<i>(07 ©IR_E^)j © ^0^2^027^ is zero and the restriction of A^ to gx for A G 

S+\($U2$) ^sX{Ol,,■ 

(2) If C, = aalla + 2Ea with {Ea,Ea) = 1 wc havc {^,Oan = 2 + a^lap and: 

(a) The restriction of A^ to V ® (^0^g^^^„^MX^) © (^0^g^^^^^(0^ © ME^)) © 

(07e<f\{a} 027) zero. 

(b) A^Xa = aa\(y\'^Xa. 

(c) We can decompose Qa as Qa = Ker(ad(£'Q,)|0Q,) ©ad(^£'Q,)(02a). The restriction 
ofA^ to Ker(ad(E„)|0a)©ME„ is aa|aplKer(ad(i?^)|0c)eME<. o'^^^ the dimension of 
KeT{a.d{Ea)\Qa) Q^Ea is dim0Q — dim02a — 1- The subspace ad(6'£'a)(02a)©02o 
is invariant under A^ and A^ acts with eigenvalues 

^3aa|a| ± a/8 + 

whose multiplicities are dim 02a . 

(d) //0 = Exp (7=1^(1 + 0)E^)^ G NK{a) then n© (^0^g$(07 © 027)) is invariant 

by A^ and Ad(0), and A^Ad(0) = — Ad(0)A^. In particular, if A^X = cX , 
then A^Ad(0)X = -cAd(0)X. 
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The mean curvature vector defined with respect to an orthonormal basis {cj} as 
T-i = J2i ^H^iy ^i)^ is in our case 

(X I G; P 

U = 2'n^^Qv{Hs) + " (dim 0a + 2 dim02a)(aa^^a + 2Ea), 

where as usual i^a^QV denotes orthogonal projection onto a$ V . 

We recall that the horocycle foliation is induced by the group A^, the action of the 
nilpotent part of some Iwasawa decomposition. In this case we have: 

Corollary 6.5. The orbits of the horocycle foliation are isometrically congruent to each 
other and their shape operator with respect to a vector ^ G a zs given by = ad(,^)|n = 

Remark 6.6. Let M be a symmetric space of rank one. Assume that A = {a}. There are 
up to congruency two possible hyperpolar homogeneous foliations, namely, the horosphere 
foliation, which is the same as the horocycle foliation in this case, and the solvable foliation, 
where $ = {a}. In both cases the foliation is by homogeneous hypersurfaces. 

All the leaves of the horosphere foliation are congruent. The principal curvatures of 
horospheres are |a| and 2\a\ with multiplicities dimg^ and dimg2o respectively. 

Now we consider the solvable foliation, whose leaves are the orbits of the group Sjaj^io}. 
If 7 is a geodesic parametrized by unit speed such 7(0) = o and 7(0) is orthogonal to 
'S'{a},{o} ■ o, then the path of 7 is a section of this hyperpolar foliation. The principal 
curvatures of the orbit 5'{a}^{o} ■ 7(r) are 

w, , N 3|a| , , , lal , , , , 

— |a| tanh(|a|r), — tanh(|a|r) ± — y 4 — 3tanh(|Q;|r), 

with multiplicities dimgc, dimg2a and dimg2a, respectively. 
For cohomogeneity one homogeneous foliations see [1]. 
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